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6 I'mapa 1. BaBucumocTs perreHust 3aja4du Koilld oT HCXOAHBIX AaAHHBIX

haBsa 1

3aBucmmMocTb pelleHuns 3agayn Kouwn
OT UCXOAHbIX AaHHbIX N NapamMeTpoB

1.1. HenpepbiBHAsi 3aBUCUMOCTh peENIeHUs 3a1a9u
Komm oT ncxogHbIX JaHHBIX

Paccmorpum 3amaay Ko st nudbdepenimanspHoro ypaBHeHns mmep-
BOT'O MOPSIJIKA, PA3PEITIEHHOI0 OTHOCUTEIHLHO TTPOU3BOHOMN

y'(t) = [ftyt), telto—Tto+T] (1.1)
y(to) = o (1.2)

[Mycrs dynkuusa f(t,y) onpemgesena u HepPepPbIBHA B IPIMOYTOJbHIKE
Q={ty): [t—to<T, A<y<B}

Onpegenenne 1.1.1. Pewenuem 3adavu Kowu , HA OMPESKE
[to — T,to + T] nasweaemecs dynxuyus y(t) maxas, wmo y(t) nenpepvisro
duppeperyupyema wa [to— T, to+T], A< y(t) < B oaat € [to—T,to+T],
y(t) ydosaemesopsaem (1.1), (1.9).

Pemenne 3amaan Komm (1.1), (1.2)) sasucur or dysxmun f(t,y) u Ha-

YAJILHOT'O COCTOSIHHS 1o, KOTOPbIE MOXKHO Ha3bIBATH UCTOOHBILMU OGHHDLMLU
3asaun Ko , . Kak 3aBucut pernrenune 3Toil 3a71a41 OT U3MeHe-
HUs MCXOJHBIX JAHHBIX, TO ecTh dyHKImU f(t,y) 1 HAYAIHHOIO COCTOTHUS
yo? IlokarkeMm, 9TO HEOOJIBIIIE U3MEHEHUsI NCXOAHBIX JAHHBIX [IPUBOJAT K
HEOOJIBITIUM U3MEHEeHusIM perenus 3ajaqun Kommu. Takum obpazom, MOKHO
TOBOPUTH O HEIPEPBHIBHON 3aBUCUMOCTHU pelreHus 3asadu Komu or ucxo-
HBIX JIAHHBIX.

1.1.1. HereprBHaﬂ 3aBUCHUMOCTDb OT MCXOJHBIX JaHHBIX

Teopema 1.1.1. ITycmo gynruuu f1(t,y) u f2(t,y) nenpepvisro, 6 nps-
moyeoavhuke Q u f1(t,y) ydosaemsopaem 6 Q ycaosuro Jlunwuua no y,
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mo ecmbv cyuwecmeyem KoHCmaHma L>0 maxas, 41mo

|f1(t,y)*f1(t,@|<L|y*§|, V(t,y),(t,mEQ.

Tozda, ecau pynruuu y1(t) u yo(t) na ompesxe [to — T, tg + T] asanomes
pewernuamu 3aday Kowu

{ vi(t) = fit, v (2)), { ya(t) = fa(t, y2(1)),
y1(to) = yo1, y2(to) = yo2,

mo umeem Mecmo HePaBEHCMEO

ma, t) — Nl <
te[tO_T?t(o+T] |y1( ) y2( )| X

< (|y01 —yo2| + T max |fi(t,y) — f2(t»y)> exp{LT}. (1.3)
(t,y)eQ

Zloxaszamenvcmeo. I3 nemMMbl 00 9KBUBAJEHTHOCTH 3aaa4u Kormm wHTe-
IPAIbHOMY YPaBHEHUIO CiefyeT, uro dbyHKuuu yi(t) u yo(t) apasoTcs pe-
[IEHUSIMU WHTEIPAJIbHBIX YPaBHEHUN

t
() = yor + / Alryi(D)dr, t € lto—T.to + 1),
to

y2(t) = o2 +/f2(7, yo(7))dr, t€[to—T,t0+T).
to

Brrunrast BTopoe ypaBHeHUE U3 IEPBOTO U OINEHUBAs MO MOIYJIIO, UMEEM

t

ly1(t) — y2(t)| < [yor — Yoz| + /(fl(ﬂ y1(7)) = fa(7,y2(7)))d7| .

to

Borunrast 1 npubaBiisist 0] 3HAKOM uHTerpasa fi(7, y2(7)), noaydanm

ly1(t) — y2(t)| < |yor — Yoz| + /|f1(7791(7)) — Sl ya(7))|dr | +

t

+ /|f1(7'7y2(7')) —fg(T,yg(T))|dT , tefto—T,to+T]. (1.4)

to
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YuaureiBag To, uyro dbyuxiys fi(t,y) yaosiaersopser yeiaosuto Jlummuma, a
TaK¥Ke OIEHKY

t
/ F1(ray2(r)) — folry ya(r))|dr| < T max |fi(t,y) — Falt, ),
P (t,y)EQ

crpaBeuByIo g Beex ¢t € [tg — Tt + T, nepasercrso (|1.4) moxuHO
HEepeNucaTh TaK:

ly1(t) — y2 (1) < (Jyor — yoo| + T max | f1(t,y) — f2(t, y)|)+
(t,y)eQ

t
+ L /Iyl(f)*yz(ﬂ\dr, tefto—T,to+T).
to

Ipumenus k byukuun |y (t) — y2(t)| semmy I'ponyosia-Bemmvana ?7?, npu
t € [to — T,to + T moayuum HepaBeHCTBO

1 () — y2(8)] < (lyor — yoz| + T max |f1(t,y) = fa(t,y)]) exp{L|t — tol},

u3 Koroporo cieayer onerka ((1.3). Teopema JIOKA3aHA. O

1.1.2. Teopema cpaBHeHUsI

PaccmoTpum Terneps BOIpOC 0 TOM, P KAKUX YCJIOBUSIX PENIEHUE OTHON
zagadan Kormmm Oyzmer 6GoJiblite WIm paBHO pemieHuio Apyroil 3amadu Kormm.
Teopembl TAKOTO THUIIA 9aCTO HA3BIBAIOT TEOPEMAMU CPABHEHUSI.

PaccmorpuM mpsiMOyTOTTEHUK

Qr ={(ty): to<t<ty+T, A<y<B}

Jlasee MBI HCIIOIB3yeM CJIEIYTONEe TIPOCTOE YTBEPXKJICHNAE U3 MATEMATHIE-
CKOT'O aHAJIN3a, MPEJICTABIsIoNnee coboit (hopMysly KOHEUHBIX MTPUPAIIEHUI
B MHTErpajbHOM BUJIE.

Nemma 1.1.1. ITycmov dynryus f(t,y) nenpepmena 6 Q4 u umeem 6
Q+ Henpepuieryto wacmmyro npoussodryio fy(t,y). Toeda das aobux (t,y1),
(t,y2) € Q4 cnpasedauso paseHcmeo

1

f(toy) — f(ty2) = /fy(taQQ +0(y1 — y2))dO (y1 — y2)- (1.5)

0
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JokazkeM Temepb TeopeMy O CpaBHEHHMM perneHuit naByx 3ajgad Korm,
KOTOPYIO TaK>Ke JacTO HA3bIBAIOT HEPaBeHCcmMEom danivieura.

Teopema 1.1.2. (Teopema cpasnenua) IHyemo dynryuu f1(t,y), f2(t,y)
nenpepvishv, 6 Q1 u f1(t,y) umeem 6 Qi HENPEPLIGHYIO UACTAHYIO NPOUS-

d
800HYI0 6—fl(t,y). Tozda, ecau Pynryuu y1(t), y2(t) na ompesxe [to,to + T
Y
AGAAOMCA pewenuamy 3aday Kowu
{ yi(t) = filt,pa(t)), { Ya(t) = fa(t, y2(1)),
y1(to) = you, y2(to) = o2,

npusem
fity) = fo(ty),  (Ly) € Qy, Yol = Yo2,
MO CNPasediuso HEPAGEHCMEO

yl(t) >y2(t), te [to,to‘FT}.

Hokasamesvemeo. Tak kak dysxmmu y1(t) u y2(t) Ha orpeske [tg,to + T
SABJISIOTCS PEIIeHUsIME COOTBETCTBYIONIUX YPABHEHUIl, TO OHU HEIPEPHIBHO
nudpdepennupyembl Ha orpeske [to,to + 1], A < yi(t) < B, i = 1,2, n
CIIPABEJIINBO PABEHCTBO

Yi(t) —ys(t) = fr(t,yr(t)) — falt,y2(t)), t € [to,to +T1. (1.6)

IIpeobpasyem mpaByro 9acThb STOTO PABEHCTBA, UCIOIL3Ys (POPMYJTy KOHEU-

HbIX npupanienuii (1.5)),

[,y () = fo(ty2(t) =
= filt,y1(t) — fi(t,y2(1) + f1(ty2(t) — fo(t, y2(t)) =

_ / %(t,ygw + 0y (1) — y2())d6 (31 (1) — 2 (1)) +
0

+f1(ty2(t) — f2(t, y2(1))

Bsenem obosnadenua

v(t) = y1(t) — y2(t),
1
/6i t,y2(t) + 0(y1(t) — y2(t))) d6,
0
h(t

)= f1(ty2(t) — f2(t, y2(t)).
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Torma f1(t,y1(t)) — f2(t,y2(t)) = p(t)v(t) + h(t), u paBercTBO MOXKHO

Iepernuncarb Tak:

v'(t) = p(t)v(t) + h(t), tE€ [to,to+T).
Pemenne sroro smaeitHoro auddepeHnajibHOrO0 ypaBHEHUs IepPBOrO 0~
psKa ¢ Ha9aJdbHBIM YCJIOBUEM v(to) = Yo1 — Yo2 UMeEET BU]]

t

0(t) = (yor ~yo2) exp] jp(f)dg b [ exnd jp(ﬁ)dé fh(r)dr t € [to,to+11.

to

TaK KaK "3 yC.HOBI/Iﬁ TeOpeMbI C.HeﬂyeT, qTOo
Yo1 —Yo2 =0, h(t) =0, te€lto,to+T],

TO
v(t) =y1(t) —y2(t) 20, te€fto, to+T],

u teopema [[-1.2] nokasana. O

1.2. BaBucumocTb pentenus 3aga4dm Kormm
OT IIapamMeTpa

B sTom maparpade mbr paccmorpuM 3astady Komu i auddepentu-
AJIBHOI'O YPABHEHUS IIEPBOTO MTOPSIJIKA, PA3PENIeHHOIO OTHOCUTEILHO IPOU3-
BOJHOM, B KOTOPOIi IpaBast YaCTh yPABHEHUS U HAYAJBHOE YCJIOBUE 3ABUCSIT
OT TIapaMeTpa [i, U BBISCHUM [PU KAKUX YCJIOBUSIX PEIleHHe ITON 3aJa9u
Komm 6ymer nenpepsiBao u gudHepeHnupyeMo mo mapaMeTpy.

O603HaUYNM

Qu=A{(t,y,p): |t—tol <T, A<y<DB, p <p<pal
ITycre bynkims f(t,y, 1) onpenerena Ha MHOXKeCTBe (), a byHKImMS Yo (L)

ONPEJIENIEHa HA OTPe3Ke [fi1, fia).
Pacemorpnm 3agaay Komm
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Tak Kax Ipu Pa3InIHBIX 3HAYEHUSIX TapAMETPa L MbI Oy/IeM MOy IaTh pas-
JIMIHBIE pertenus 3a1adn Kormm , (1.8), To, oueBnmHO, YTO pemieHue
3TON 3a/1a9M 3aBUCUT HE TOJBLKO OT IIEPEMEHHOH ¢, HO W OT IIapamMeTpa [i.
B cBs3u ¢ aTuM mastee pemrenne 3amadu Kormm , MBI OymeM 060-
sHavarh y(t, 1). IIpn kakux yciaosusix pernenne 3agaan Komm y(t, 1) 6yaer
HEIIPEPBIBHO 110 [TapaMerpy fi 7

1.2.1. HemnpepbIBHas 3aBUCUMOCTH pelienus 3agauu Komm
OT ImapamMmeTrpa

Teopema 1.2.1. ITycmo dynruusa f(t,y, 1) nenpepoviera 6 Q, u ydosae-
meopsaem 6 Q, ycrosuro Junwuya no y, mo ecmo

|f(t7y17,u') - f(tay%,u)‘ g Llyl - y2|7 V(tayluu)a (tvaaM) € Q/u

a Pynryus yo(u) nenpepvisha na ompeske [y, pa].

Tozda, ecau y(t,p) — pewenue sadawu Kowwu (1.7), (1.§) na ompesre
[to — T,to + T] 0an ecex p € [u1, pa2], mo Pynxyus y(t, u) Henpepwsra no
pwnput € to—T,to+ T, p€ [p,pe]

Jokasameavemeo. Ilo yciosuro pernenne 3aaun Kommn y(t, p) cymecrsyer
st Beex ¢ € [to — Toto + 1), p € [p1, 2] 1 A < y(t,u) < B mua Beex
t € [to—T,to+T]|, n € [u1,pe]. Hycrs po u po + Ap JBe IPOU3BOIIL-
HbIe TOYKU OTPE3Ka |1, to]. Pacemorpum pemenus 3amaan Komu y(t, o)
u y(t, po + Ap), COOTBETCTBYIONIME STUM 3HAYEHUsIM apaMeTpos. Beemem
obo3HaYeHNS

yi(t) = y(t, po),  y2(t) = y(t, po + Ap),
fl(tﬂy):f(t7y=N0)> f2(t>y)=f(tay>M0+AM)7
Yo1 = Yo(to), Yoz = Yol(po + Ap).

Hois pyskumii y1 (¢) u yo(t) BBIIOIHEHBI YCJI0BUS TEOPEMbI 0 HEIIPEPbIB-
HOU 3aBUCUMOCTHU peIIIeHI/Iﬂ 3a/1av9u KOIIII/I OT MCXO/JJHbBIX JJaHHBIX. HpI/H\/IeHHH
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9Ty TeopeMy, IIOJIy UM

max t, —y(t, po + Ap)| = max t) —ya2(t)| <
te[tofT’tﬁT]ly( to) — y(t, ko + Ap)| te[tofT’MT]\yl() y2(t)] <

< (Iyo1 = vool + T max [£1(t,9) = falt.p)|) exp{LT} =
(ty)eQ

= (Iyo(uo) —yo(po + Ap)|+

+T max |f(t,y, 1o) = f(t ¥, po + A/~t)|) exp{LT}, (1.9)
e Q ={(t,y): [t —to] <T, A<y< B}

IMokaxkeM, uTo u3 HepaseHcTBa ((1.9)) cieayer HenpepbiBHOCTD dyHKIUN
y(t, ) B TOUKE L. IlycTh € — IPOU3BOJIBHOE MOJIOKUTEIBHOE YUCI0. [loKa-
JKeM, 9TO Haifijiercs d(g) Takoe, 4o mist Beex t € [tg — T, to + T

ly(t, o + Ap) — y(t po)| <€ (1.10)
wp |Apu| < 6(e) |
Tak Kak HernpepbiBHAsI Ha OTpe3Ke [fi1, o] dyHKIM Yo (@) pABHOMEPHO
HeIpepbIBHA HA 9TOM OTPe3Ke, TO CyllecTByeT 01(€) Takoe, 4To

Yo (10 + Ap) — yo(po)| < (1.11)

€
2exp{LT}
upu [Ap| < d1(g) .
TaK KaK HeIlIpepbIBHad Ha OI'PAaHUYECHHOM 3aMKHYTOM MHO2KECTBe QN
dbyukiums f(t,y, ) pABHOMEPHO HEIPEPbIBHA HA STOM MHOXKECTBE, TO CyIIie-
crByer d2(¢) Takoe, U4TO st JIOOLIX t € [tg — T, to+T| uy € [A, B]

€

Ap) — S ST ool LT
gm0 + Aga) = [ty o)l S g

(1.12)

upu |Apu| < d2(e).

U3 wuepasencrs , u cnenyer, uro mpu |Au| <
d(e) = min{d1(g),d2(e)} cupasegmmso mepasencrso (|1.10]), koTopoe o3Ha-
4Jaer HenpepblBHOCTL MyHKIWK y(t, 1) mo p. Teopema [1.2.1| nokazana. [

3ameuanue 1.2.1. B meopeme [1.2.1] faxmunecku doxasana pasromep-
Haa wa mroocecmee [to—T, to+T) X [11, 2] Henpepvierocmsb pewerus 3ada-
yu Kowwu no napamempy . Omcroda Hempyorno noka3ams, 4mo @yrkuus
y(t, 1) Henpepwsna no cosoxynnocmu nepemenuvir (t, (1) Ha MmHOMHCECTEE
[to — T, to + T] X [,ul,,ug].
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1.2.2. TudpdepennupyemocTs perreHus 3aga4du Koimu
o mapamMerpy

ITokakeM Terepb, UTO TP ONPEJEJEHHBIX yCJIOBUSX, pemenue y(t, 1)
zagaun Komu (|1.7), (1.8) 6ymer muddepennupyembimM 10 napamerpy .

Teopema 1.2.2. ITycmo gynwyua f(t,y, 1) nenpepuera 8 Q, u umeem
6 (0, nHenpepuisHole wacmmoie npoussodnsie fy(t,y, 1), fu(t, y, 1), o Pynryusa
yo(1) Henpepuwsno duddepenyupyema na ompeske 11, a].

Tozda, ecau y(t, ) — pewenue 3adavwu Kowu , (@ Ha ompeske
[to — T,to + T| dan ecex p € [p1,p2], mo dynxuus y(t,n) umeem npu
tefto—T,to+T), u€ [p1, 2] npouseodnyro no .

Joxazameavcmeo. Tlo yenosuio pemenve 3anaan Kormm y(t, 1) cymecrsyer
mas Beex t € [to — Totg + T, pn € [p1,p2] 1 A < y(t,u) < B mig Beex
t € fto—T,to+T], € [p1,pe2]. Hycrs 1 p + Ap JBe IPOU3BOJIBHBIE
TOYKH OTPE3KA [[i1, fi2]. PACCMOTPUM COOTBETCTBYIOIMINE STUM TTAPAMETPAM
perienns 3agaan Kormm y(t, 1) n y(t, o+ Ap). Oupenennm dyHKImIO

£+ Ap) —y(t,
v(t,ﬂ,Ap):y( gt A‘Z y( “), tefto—T,to+T).

Tak kak byskuun y(t, u+ Ap), y(t, 1) SBISIOTCS PEIIeHUsIME yPaBHEHUS
(1.7) ma orpeske [tog — T,to + 1] 1pu COOTBETCTBYIOIINX 3HAYEHUAX MAPA-
METPOB, TO

fyltp+ Ap) p+ Ap) = f(t,y(t ) 1)

Aa (1.13)

/ —
v (tv s A:U’) -
Hpeo6pasyeM BbIpazKE€HUE, CTOoAIee B npaBoﬁ JaCTH 3TOro paBEHCTBaA

fyt, p+ Ap),p+Ap) — fEyt,p),p)
Ap
_ f(t7y(tau+ A:u)vﬂ"i_ A:U’) B f(tvy(taﬂ)>ﬂ+AM)+
Ap

+ f(ta y(ta /1“)3 I + A/L) B f(ta y(ta ,LL), M)
Ap '
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pumensig dhopmysy konednbix npupamenuii ((1.5)), noxyanm

Ap

1

= /fy(t y(t, w)+0(y(t, p+Ap)—y(t, 1)), u+Au)d9-y(

tp+Ap) —y(t, p1)
Ap

Beenem dyukiun

1

Pt 1, Ap) = / By 6yt 1) + 0yt i+ Ap) — y(t 1))+ Apr)do,
0

q(t, g, Ap) = F oyt ), w+ Ap) — f(t,y(t, w), 1

Ap

YuurbiBast CciejlaHHbIC 0603HaquH${, nmMeeM

f(tvy(t7ﬂ + AN)7M + AN) B f(tvy(t7u)7u) _
Ap

= p(t, p, Ap)o(t, p, Ap) + q(t, p, Ap).

Iozncrasngs sro paBencrso B npasyio dactb (1.13), mosmyuum, uro dyHK-
st v(t, @, 4+ Ap) siBIsIeTCs perenneM JuHeRHOTO MuddepeHnnanbHOro
ypPaBHEHUsI IIePBOro IopsijiKa Ha orpeske [tog — T, tg + T:

' (t, p Ap) = p(t, py Ap)o(t, p, Ap) + q(t, p, Ap). (1.14)

U3 onpenenenust v(t, 1, Aj) ciaeayer, 9To OHA YIOBIETBOPSIET HAUATBHOMY
YCJIOBUIO

(tor 1, Agr) = 2UF AA“; — o), (1.15)

Pemenne 3amaan Komn (1.14), (L.15) umeer Buj

olt, 1, ) = 20!

A _ t
n Aﬂi olp) eXp{t{p(fvu,Au)dﬁ}Jr

t

t
+ /q(nu, Ap) eXP{ I p(&, 1, Ap)dé }dT, telto—T,to+T]. (1.16)

to
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dy
st moKa3aTeIbCTBa CYIIEeCTBOBAHUS TPOU3BOIHOMN 8— (t7 u) JIOCTATOYHO

JIOKa3aTh, aro dysKiwms v(t, 1, Ap) nmeer npenen npu Ay — 0. Tlokaxkem,

9TO CYIIECTBYeT mpees mpasoit gactu dpopmyast (1.16]) mpu Ay — 0.
Tak kak GyHKIWs Yo (1) HENPepbIBHO nuddepeHpyemMa, TO

. Yol + Ap) —yolp) _ dyo
1 = ().
A;}Eo Ap du (1)

Haiinem npenen dyuxmmu p(t, g, Ap) npu Ap — 0. VI3 HenpepbIBHOCTH B
Q,, gacrHOil pou3BonHOil fy(t,y, 1) u onpenerenus dysxmun p(t, pw, Au)
CJIeIyeT, 9TO

of
lim p(t, p, Ap) = = (&, y(t, 1),
i p(t, s Ape) = oty 1), 1)
paBHOMEpHO 110 (t, 1) € [to—T, to+T] X [p1, pio]. VI3 cymecTBoBaHus YacTHOIM

npoussonHoit f,(t,y, k) nMeeMm

. of
AILIEOQ(t’M’A’u) - %(t,y(tvﬂ),ﬂ)

pasrOMepHO 10 (t, 1) € [to — T, to + T| X [u1, p2). CaemoBarenbHo, npemen
upasoii gactu dopmyust (1.16]) cymecrsyer, u nepexons B a10ii dhopmyie K
npeneny upu Ay — 0, mosyaum

0 d t
8%(15,#) = Jim vt p, Ap) = di:(u) eXp{t{ fy(f,y(ﬁ,u),u)d§}+
p t
+/fﬂ(7,y(7,u),u) eXp{f fy(f,y(§7u),u)d€}d7- (1.17)
to
Teopewma [1.2.2] nokazaHa. L]

0
Beeznem obosuauenue z(t, p) = —y(t, i), a gepes 2’ (t, 1) obozHagUM 1IpO-

o
usBomHyIO z(t, 1) mo nepemennoii t. I3 popmysnt (1.17) caenyer, uro dbynk-
us z(t, p) aBisierca pemenueM 3agadu Komu Ha orpeske [tg — T, to + T

) = fylty(t, pm), w)z(t, m) + fult,y(t, mw), m), (1.18)
z(to, ) = yo(p)- (1.19)
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1.2.3. MeTox maJjioro napamMerpa

Bo muorux CIIy4dadx He yTaeTCs dBHO BBIIINCATH PEHICHUE 3a1a91 Komm

y'(t) = f(t,yt), 1), y(to) = yo(u) (1.20)

JUIST BCEX [ € [fi1, ft2], XOTsI TIPH HEKOTOPOM [t = fig € (p1, fl2) OHO HAXO-
JIATCsT OTHOCUTEJIHHO JIeTKO (Hanpumep, Korga gyuxuus f (¢, y, po) IuHeiHo
zasucut ot y). O6o3HauuM 310 pemenue depes ug(t). Torma ug(t) = y(t, o)
SBJISIETCS PeleHneM 3afaqan Komm

u/O(t) = f(t7u0(t)7l1’0)a Uo(to) = yo(,uo) (121)

Byznem upezmosiarars, uro pemienue ug(t) 3aigadn KaKHAM-JIN00
CII0coboM y2Ke Haliderno, W MOCTABUM 33Ja9y HAXOXKICHUSA NPUOAUNCECHHO-
20 Buna pertenns y(t, 1) 3ama9m P BCEX [4, TOCTATOYHO OJIMBKHUX
K [lo TIPH BBLIIIOJHEHUN ycaosuil Teopemsl [1.2.2) B cuity 3Toit TeopeMbl Ipu
kaxgoM t € [tg — T, to + T| pemenue y(t, 1) HenpepbiBHO auddepenupy-
€MO TI0 TTapaMeTpy [ B OKPECTHOCTH fig. 1lodToMy crpasemmusa (dopmyiia
Teitsopa (¢ meHTPOM B fig) € OCTATOYHBIM 4ieHOM B dopme Ileamo:

y(tvu) = y(tvﬂO) + &'J(;;LMO)(M - MO) + 6(M — /Jo).

. ay (ta MO)
Ba}KHO OTMETUTDH, 9TO IJId BBIYUCJICHHA IIPOU3BOJHOUN U1 (t) = —

o

HE HyXKHO 3HaTh pemienue y(t, ) IpU Kakux-jub0 3HAYEHUAX IIAPAMETDPA,

OTJIMYHBIX OT [t = 4o, MOCKOJIBKY coracto (1.18), (1.19) dbyuxmums uq(t)

sIBJIsIETCsl pellleHreM 3aj1a4u Ko
ui(t) = a(t)us(t) +b(t), ua(to) = Yo (o) (1.22)

JUTst Aunetno2o nuddepeHIaIbHOr0 YPABHEHUSI C U368ECMMHbLMU HEIIPEPDIB-
HbIME KO3 dUIHEeHTAMA

a(t) = fy(ta UO(t)a ,U'O)v b(t) = fu(t>uo(t)7ﬂo)-

B pesyibrare mpuxoAuM K aCHMIITOTHYECKOMY LU b — (o — 0 mpej-
CTaBJIEHUIO UCKOMOTO pernenus y(t, 1) 3amaun (1.20)):

y(t,u) = uo(t) +ur(t) (1w — po) +0(p — po), t€fto—T,t0+T)], (1.23)
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rie dyHriwn ug(t) n ug(t) Haxonsres w3 3amad (1.21) u (1.22)). ITosromy

€ TOYHOCTBIO JI0 CJIaraeMbIX O(f — fig) CIPABEIJIUBO HPUOIMIKEHHOE IIPEJI-
crapsenme y(t, 1) ~ uo(t) + u () (1 — pro)-

OrnncanHast BBIIIE MPOIEIypa MPECTaBIsieT cOO0M MPOCTelIuil Bapu-
aHT MeTO/la MaJIoro IlapaMeTpa, IO3BOJIAIONICTO C IMOMOIILIO Pa3JIOXKeHUd
BBISICHUTH OCHOBHBbIE KadeCTBEHHBbIE U KOJHNYEeCTBEHHBbIE 3aKOHOMep-
HOCTH TI0BeJieHUst pemenus (¢, (1) Ipu MaJbIX (@ — [ig HA OCHOBE U3BECTHO-
ro perterns Y(t, f4p) B IPEIIIOJIOKEHUN CYIIECTBOBAHUM HEIIPEPBIBHBIX IIPO-
U3BOIHBIX IrepBoro mopsaka fy(t,y, 1) u fu.(t,y,p). Ecar f(t,y, 1) nmeer
IOPOU3BOJHBIE 110 Y U [ BBICIIUX ITOPAJIKOB, TO U PAa3JI0O2KEHNE MO2>KHO
YTOYHUTDH U MOJIYYUTH HPUOJIMKEeHe ¢ 60Jiee BBICOKUM MOPSIIKOM MaJjIOCTH
OCTaTOYHOTO JICHA.

MNpumep 1.2.1. Hoaywumos acumnmomuueckoe npu i — 0 padsoocerue
pewerus 3adavu Kowu

y'(t) = y(t) + 3uy™*(t) + p’t,  y(0) = exp{2u}.
Hmeem to =0, pio = 0, yo(u) = exp{2u}, yo(n) = 2exp{2u},

fty, ) =y +3uy* + 1Pt f(ty, 1) =1+ 12u9%, fu(t,y, p) = 3y* + 2ut,
f(t,y,0) =y, f,(t,y,0) =1, fu(t,y,0) =3y", yo(0) =1, y;,(0) = 2.

Coznacro npu = 0 dynryua ug(t) = y(t,0) asasemca peweruem
3adawu Kowu

up(t) =uo(t), uo(0) =1,
pewenue xomopot sezko natmu: ug(t) = exp{t}. Hosmomy
fy(tuo(t),0) =1, fu(t uo(t),0) = 3exp{4t}.
3adavwa Kowu oas up (t) npunumaem 6ud
uy(t) = ui(t) + 3exp{4t}, wu1(0) =2

u umeem pewenue ui(t) = 2exp{t} + exp{4t}. Toeda 6 cuay umeem
mecmo pasaodicenue npu pp— 0:

y(t, 1) = exp{t} + (2exp{t} + exp{4t})p + o(u).
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[haBa 2

Teopusa ycronumBocTu

2.1. OcHoOBHBIE IOHATUA

B Teopun ycToitumBocTH M3ydaeTCsa BOIPOC O 3aBUCHMOCTH PeIlleHus 3a-
maan Komm s mudpdepeHnuaibHoro ypapHeHUsT WM CHCTEMbBI OT 3a/iaH-
HBIX IIpH § = t( HAYAJbHBIX JAHHBIX HA OECKOHETHOM IPOMEXKYTKE U3MEHe-
HUs HE3aBUCHMOI lepeMeHHol ¢ € [tg; +00). Jasnee 6e3 orpanndenus obu-
HOCTH TIoJ1araeM tg = 0.

MNpumep 2.1.1. Hccredosams 3asucumocmsv pewenus 3adavu Kowu

y =ay, y(0)=wo

0OM HAMAALHO2O COCMOANUA Yo npu t € [0;4+00), 2de a € R — napamemp.

Pemenue zamaun Komm naxomurcs mo dopmyie y(t;yo) = yo exp{at}

(cm. puc. [2.1)).
s a < 0 mmeem

ly(t;y0) — y(t;90)| = lyo — Yol exp{at} < |yo — Yo| — 0
upu yo — yo — 0 paBHoMepHO 110 ¢ > 0, upudeM |y(t;yo) — y(t; Yo)| — 0 upu

t — +o00.
Hnsa a = 0 umeem

ly(t;y0) — y(t;%0)| = |yo — Yo| — O
upu Yo — Yo — 0 pasuomepno no t > 0, o |y(t;y0) — y(¢t;%0)| - 0 upu

t — 4o00.
st a > 0 numeem

ly(t:yo) — y(t:90)| = [yo — Yol exp{at} — +o0, t — +o0,

TO €CTh TPAEKTOPUU HEOTPAHMYEHHO PACXOAATCH KaK Obl OJU3KU OHU HU
ObLIN B HAYAJBLHBINT MOMEHT BPEMEHH.
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y(tiyo)

a<0 a=0 a>0

Puc. 2.1. K npumepy B/ MHTErPAJIBHBIX KPUBBIX pelieHus 3aa4n Komm
y(t;y0) = yo exp{at} B 3aBUCHMOCTH OT q.

B Toxe Bpems 1 ar060ro KoHewHoro 7' > () uMeeT MeCTO HelpephIBHAs
3aBHCHMOCTD OT HAYAJBHBIX JAHHBIX Ha BeeM orpeske [0, T:

max [y(t; yo) — y(t; Yo)| < [yo — Yol exp{la|T} — 0

te[0,T]
npu Yo — Yo — 0. Takum obpas3oMm, mpHU ONpeJEIEHUN YCTONINBOCTH HA
OECKOHETHOM IMTPOMEXKYTKEe BPEMEHM HEOOXOIMMO 00Jiee TOYHO YIUTHIBATD
0CODEHHOCTH TIOBEJIEHNS PEIeHnit Ha Beell mosrymnpsamoii ¢ 2> 0.

2.1.1. OcHOBHBIE OHATHS TEOPUU YCTOMIUBOCTHU

Paccmorpum 3aaay Ko it HopMasibHOM cucTeMbl auddepeniuaib-
HBIX YPaBHEHUI [TEPBOI'O MTOPsiJIKA OTHOCUTEILHO HCKOMOI BEKTOD (DYHKIUN

y(t) = (yl (t)’ Y1 (t)v s 7yn(t))T

WO~ Fo,50), (2.1
y(tO) = Yo, (2'2)

rae

7.9 = (1t 9), o (7)) T To = (Y105 Y205 - - -+ Yno)

Ipenamonaraercest, uro f;(t,7) ONpeeseHbl U HENPEPHIBHBI BMECTE C TACT-
HbIME 1pon3BogHbIMA O f;(t,Y)/0y; Ha MHOXKECTBE

IT = [0, 4+00) x R"
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ais Beex 4,7 = 1,2,...,n. Torma mo Teopeme ?7 0 CyIIeCTBOBAHUU U
€IMHCTBEHHOCTHU PeIIeHusT 3aadn Komm st JT00bIX HAYAJIbHBIX JAHHBIX
Yo € R™ cucrema , umeer Ha HeKOTOpOoM orpeske [0, 1] equncTBEH-
Hoe perenne 4 (;Y,), B 0003HAYEHUN KOTOPOIO OTPAXKEHA 3aBUCHUMOCTH OT
HAYAJIbHOIO COCTOSAHUA Y. Ecin Ke B HAYAIBHOM YCJIOBUU bepyT-
cs1 HAYAJIbHBIE JIAHHBIE {g, TO COOTBETCTBYIONIEE PEIleHne 0603HAIACTCA KAk

n 1/2
7(t;Yo). Berony mumke ||g|| = (Z y?) 0003HAYACT €BKINI0BY HOPMY BEK-
i=1"

Topa = (Y1,---,Yn) € R™.

Onpepenenve 2.1.1. Pewenue 3(t;Y,) sadawu Kowu (2.)), na-
avisaemes yemolivusvim no Jlanynosy, ecau das awbozo € > 0 cy-
wecmeyem 0(g,7,) > 0 makoe, ¥mo 0aa A0OBT HAHGALHUEL OGHHOT Yo,
ydosaemaopaowur yeaosuio ||go — Joll < 6(¢,7y), coomsememeyrouyue pe-
wenus G(t; o) s3adavwu Koww das cucmemut cywecmeyrm 0as 6cex
t = 0 u YydosaemeopaOm HEPAGEHCMBY

19(t;90) —9(t:90)l| <&, Vit e[0,+00). (2.3)

B npomusnom cayuae pewenue §(t;Y,) nazveaemes neycmotiuusovim no Js-
nYHO8Y.

BameruM, 9T0 HepaBeHCTBO (2.3]) 10/KHO GBITH BBINOJIHEHO Cpa3y s
Bcex t > 0, mosromy BMecTO (|2.3]) MOYKHO HCIIOIB30BATH TAKYKE HEPABEHCTBO

sup [[7(t; 9o) — 7(t: 7o) || < e
>0

Onpepenenune 2.1.2. Pewenue (t;7,) sadauu Kowu , Ha-
3b8AEMCA ACUMNIMOTMUYECKY, YCMOUMUBBIM, €CAU OHO YCMOUMUBO N0
Janynosy u cywecmeyem 6o > 0 maxoe, 4mo 0as A0OBLT HAUGALHOLT OaH-
HOLE Yo, Yoosaemeopaouur yeaosuio ||go — Yol < do, cywecmsyem npeden

im (|5t 90) = 5(670) [l = 0. (2.4)
— 00

BBenenmbie MOHATHS YCTOWIUBOCTH W aCUMIITOTHIECKON yCTONINBOCTH
HITIOCTpUPYIOTCs Ha puc. [2.2)

Mpumep 2.1.2. B npumepe pewenue y(t; yo) = yo exp{at} acumn-
momuuecku yemotinueo npu a < 0, yemotuuso (He acumMnmomuiecky) npu
a = 0, Heycmotivuseo — npu a > 0.
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Puc. 2.2. K onpejeneHnsM yCTORINBOCTH ¥ ACUMIITOTHIECKOH yCTORINBOCTH pe-
s §(£) = B(t; o)

a. B CJlyvae yCTONYMBOCTH WHTErpasbHas Kpubas pemenus y(t) = g(t; yo) Haxo-
IuTCs B e-TpybKe mHTerpasbHoii kpusoil pemenus y(t) (||[y —y(t)|| < e, t = 0);
6. B CiIydae aCUMITOTHYIECKON ycrofiumsocru nononnurensso ||y(t) — y(t)|| — 0
upu t — +o0.

2.1.2. Peaykuus K 3agade yCTOMYUBOCTH HYJIEBOTO pEIIeHUs

B cayuae f(t79,...70) =0, Jo = 0 samaua Komm (2.1)), (2.2) umeer
nynesoe permenne 6 = (0,...,0)":

y(t;0) =0, t=>0.

Ilepedopmynmupyem onpeesiennsi yCTORIUBOCTA 10 JIATyHOBY M aCHMIITO-
TUYECKOU YCTOMYUBOCTH JJId 9TOIO BasKHOI'O JJIsl JaJIbHEHIIero N3JI102KeHns
ciaydvas.

Onpegenenve 2.1.3. Hyaesoe pewenue 3(t; 0) = 0 sadawu Kowu ,
HAZBIBAEMCA YCTOUNUBIM NO JIanyrosy, eciu das 4106020 € > 0
cywecmeyem §(e) > 0 makoe, wmo 0aa AOOVEL HAYGAOHUT OGHHOIE Yo,
ydosaemeoparowur ycaosuro ||yo|l < 0(g), coomsememeyrowue pewenua
7(t; 7o) sadawu Kowu das cucmemo cyuwecmsyrom odas ecex t = 0
u

5t 50)|| <e, Vte|0,+00). (2.5)
B npomustom cayuae HYyses0e DeuweHUue HAZBIBAEMCA HEYCMOTNUBHLM 1O
Jlanynosy.

Onpegenenve 2.1.4. Hyaesoe pewenue (t) = 0 sadawu Kowu ,
HA3BIBAEMCA ACUMNMOTIUECKY YCTNOTIHUBLM, ECAU OHO YCMOTi-
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wueo no Jlanynosy u cywecmeyem o9 > 0 maxoe, wmo s M06wxT Ha-
YAABLHYT DaHHUT o, Ydosaemeopaowux yeaosuto ||o|| < do, cywecmeyem
npeden

lim [[g(t;50)[| = 0. (2.6)

t——+4oo

IIpoGaemy ycroitumsoctu pemenusi §(t;7,) 3amaun Komm (2.1), (2.2)
MOXKHO CBECTH K aHAJIOTMIHOI pobJieMe JiiIst HyJ1eBoro pemtenus. Ilepeiinem

or cucrems! (2.1)) K HOBOI cucreme, BBe/Il HOBbIE HEM3BECTHBIE
T(t) =y(t) = y(t:9o).
Tak xak P(t) — pemenue (2.1), To mius T(t) umeem

2O TG _TEV) _ ) — Tt 5t 7)) =

dt dt dt
= f(t;T(t) +7(t; 7o) — F(&:T(E5 7))
Takum obpazomM, BEKTOP cbyHKuI/IH E(t) SIBJISIETCSI pEHIEeHUEM CUCTEMBI

20~ F:70) + 900570 — (6705 70)

Pemenue Z(t;0) 3Toit cucTembl ¢ HyJIeBbIM Hada bHBIM ycnosuem T(0) = 0
pasno mymo: T(t;0) = 0, t > 0. DTo TPUBHAILHOE DEITeHUe COOTBETCTRY-
er pemenuio Y(t;Y,) mexomuoit cucrempl. [IpuHuMas BO BHUMAHUE BBIIIE-
U3JI02KEHHOE, [P aHAJIN3e YyCTONYMBOCTH, KAK HPABHJIO, OPAHAYUBAIOTCS

HCCIeJ0BaHNEM yCTOHYMBOCTU HYJIE€BOI'O PEIIeHUS].

2.2. YcTOMYMBOCTH HYJIEBOTO peIlleHusi JIMHEHOMN
CHUCTE€MBI C HOCTOSSHHbIMU KO3 PuilneHTaMu

B namnom maparpade paccMarpuBaeTcst JIMHEHHAST OJTHOPOTHAS CUCTE-
Ma OOBIKHOBEHHBIX UMD DEpEHINAIbHBIX YPABHEHUIT ¢ TOCTOSTHHBIMU BeIle-
CTBEHHBIMU KO3 puimeHTamm

y

T Ay7

dt
roe A = (a;;), a;; € R, 4,5 =1,...,n. B 3aBucuMOCTH OT CBOHCTB MAaTPHIIBL
A OyayT J0Ka3aHbI TEOPEMBI 00 YCTOWYMBOCTH, ACUMIITOTHYECKON yCTONYIN-
BOCTU U HEYCTOWYMBOCTH HYJIEBOI'O PEIEHUs] ITOU CUCTEMBI.
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2.2.1. BcriomoraresbHbIE YTBEPXKIECHUSA
Nemma 2.2.1. ITyemo B(t) = (b;(t)) — Pyrsuyuonasvhas mampuuya,
AAEMERNVL KOMOPOT MAHCOPUPYIOMEH 00H0T U Mot oce dynruued b(t):
b (O] <b(1), i =1,....n.

Ecau  sexmop-gpynruyuu  T(t) = (w1(t), ...,z ()T, ¥t =
(y1(t), ..., yn ()T ceasanv coommowenuem G(t) = B(t)T(t), mo cnpased-
AUEA OUEHKA

[7(t)

| < nb@)[[z(t)]-

n

Joxasamenvcmeo. Tak kak y;(t) = > bji(t)xk(t), T0, oneHuBas MomyIIH
,:1

KOMIIOHEHT U TIpuMeHsisl HepaseHcTBo Komu-BynsikoBckoro, mveem

n

lyi (0] = > [bsx()] - |z () Z o (2)

k=1
1/2 1/2

< b(t) (; ) @ aci(t)) — byl

BozBons B KkBazpar obe 9acTu IOJIYYIEHHOTO HEPABEHCTBA U CYMMHUDPYS IO
j=1,...,n, IpuXoauM K yTBepKaeHuIo Jemmbl [2.2.1] O

Nemma 2.2.2. Jlaa mob6oli Henpepuenold npu t = 0 sexmop-dynryuu
9(t) = (y1(t), ..., yn(t)) T cnpasedauso mepacencmeo

t
t
| p@rag] < v [mteae
0 0
Zloxaszamenvcmeo. 1o onpeneneHnio nuTerpasia 0T BEKTOP-QYyHKIIMH TMEEM
: t
[90de = (1@, 1), L0 =[5 G= Lo
/ 0
Ilpu ¢t > 0 cipaBeIUBBI TIOKOMIIOHEHTHBIE HEPABEHCTBA

f)dé“‘ < / 15 (©)]de < / I5(6)lde.
0 0

|11; (1) =
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Bospoag B KBaJpar ob6e YacTH HMOJIyYeHHOIO HEpaBEHCTBA U CyMMHUPYs IO
j=1,...,n, OIpUXOAUM K yTBep:KIeHUIO JeMMbI [2.2.2] O

Nemma 2.2.3. ITyemo Y (t) — Pyndamenmarvnas Mempuya Aunetnod
00dropodnoll cucmemos dy/dt = AY ¢ nocmoanmvmu Kodpduyuenmamu a;; €

R, 4,7 = 1,...,m, A, As,... N\, — cobcmeennvie snauenus mampuuyv, A ¢
yuemom Kpamuocmet, p = max Re A\g.
k=1,....,n

Tozda dns mampuuanma Z(t,7) = Y ()Y ~1(1) cnpasedauev coomso-
wenus

1. Z(t,7) = Z(t — 7,0);

2. das mobozo v > 0 natidemcsa Cy > 0 maxoe, wmo cnpasedauso nepa-
BEHCME0

|Zij(t, )| < Cyexp{(p+7)(t—7)}, Vt=r.

Jlokasamenvcmeo. MaTpuIaHT SIBJISIETCS PeIeHreM MATPUYHON 3a/1a4u
Kommn

dZ(t, )
dt

O6ozHaunm s =t — 7, T — PUKCUPOBAHO, U BBeJeM (DYHKIIUIO

Z(s) = Z(r+s,7).

=AZ(t, 1), Z(r,7)=E.

OueBuHO, ITO
dZ(s)
ds
Ho rorya B cuity eIHCTBEHHOCTH PelleHus MaTpuaHoil 3aqaqm Ko cipa-
BeJINBO paBeHCTBO Z(s) = Z(s,0). Bosspamasich K mepeMeHHoil ¢, mosrya-
eM Z(t,7)=Z(t—,0).

Orenum KoMmoHeHTH MaTpuipl Z(s,0) = Y (s)Y ~1(0). Tak xak cTos6-
bl DYHIAMEHTATBHON MATPHIBI COCTOAT U3 BeKTOP-byHKIuUA (QyHIaMeH-
TaJIbHOI CHCTEMBI DEIeHHil, TO KOMIIOHEHTHI Marpuianta Z(s,0) uMeror
Buj (M. Teopemy ?7):

Z;i(s,0) = ¢i;(s) exp{ s}, (2.7)

rje A\p — OAHO U3 COOCTBEHHBIX 3HAYCHHIL, & ¢;;($) — MHOTOUIECH CTEleHN
deggq;j(s) < n — 1. Haa mobGoro v > 0 maiinyrca nocrosuusie C;; > 0
TaKue, YTO BBIIOJHEHLI HEPABEHCTBA,

lgij(s)] < Cyjexp{vys}, Vs=0.

= AZ(s), Z(0)=E.
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Tak kak p = max Relg, 1O
=1,....,n

|exp{Aks}| = exp{ Re A\is} < exp{ps}.
YauTsiBast 9TH HepaBeHCTBa, u3 (2.7]) momyyaem

12,(5.0)] < la(5)| - [exp{As}] < Cexp{(p+7)s}, €y = max C.
Ilonarast s = t — 7, ybexkaeTcst B CIPABEIJIMBOCTU BTOPOI'O YTBEPIK/ICHU
JIEMMBI [2.2.3) O

2.2.2. Teopema 06 aCUMOTOTUYIECKOIN yCTOMYNBOCTH HYJIEBOTO
pellieHns JITUHENHOI CUCTEMBI C MTOCTOSTHHBIMU
K03 punmmeHTamu

PaccmoTprumM smHEHHYIO OTHOPOJHYIO CHCTEMY C IIOCTOSTHHBIMHU BeIlle-
CTBEHHBIMU KO3 puimeHTamu:

dy

— = Ay, 2.8

= A (2.8)
rme A = (ai5), a;; € R, 4,5 = 1,...,n. IIycts A1,..., A, — cOOCTBeHHDIE

3HAYEHUsT MATPUIBI A ¢ y9€TOM UX KPATHOCTEIA.

Teopema 2.2.1. ITycmsb sewecmsennvie 4acmu 6CET cOOCMBEHHBIT 3HA-
yenuts mampuys, A ompuyamenvhol:

Re A\x <0, Vk=1,...,n.

Tozda nyaesoe pewenue y(t;0) = 6 cucmemw (@ ABNAENCA GCUMN-
MOMUYECKY YCMOTUNUEHLM.

Torya, uCoJIB3ys Olpeie/IeHIe MATPUIIAHTA, PEIICHUE ITON 3aJIa9l MOXKHO
IPEJICTABUTH B BHUJIE

y(t) = Z(t,0)7o- (2.9)
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O6ozrnaunm p = max Re Ay < 0. Beibepem u 3adukcupyeM HaCTOJIBKO
=1,...,n

MaJioe v > 0, 9To0bI
a=p+v<0.

Torma cormacuo wactu 2 jemmer 2.2.3) maiinercs komncranra C, Takas, €4TO
CITpaBe INBa OIEHKa,

|Zi;(t,0)| < Cyexp{at}, t=0.

B cuity JieMMbl c B(t) = Z(t,0), b(t) = C,exp{at} u T(t) = Y, u3
(2.9) cremyer onenka

[7(0)] < nC, exp{at}|[go]|-

Ecimn mosoxurs d(e) = To 3 HepaseHCTBa ||Fgl| < d(e) Gymer

5
2nC.,’
BBITEKATh HepapeHCTBO |[F(t)]| < & mus Bcex t > 0. Acumnrormyeckas
YCTOHYMBOCTD CJIEJYeT W3 NPEJETbHOTO cooTHOmeHns exp{at} — 0 mpm

t — +o0. O

2.2.3. Teopema 006 yCTOWYMBOCTH HYJIEBOTO peIlleHUS JIMHEWHOM
CHCTEMBI C MOCTOSTHHBIMU KO3(dduiimeHTaMmmn

Teopema 2.2.2. [ITycmv seuecmseHHble YaCMU BCET COOCTNGEHHBLL 3HA-
yenul mampuyovs A Henoroscumenvol,

Re/\kgo, szl,...,n

U CYWECmeyrom cobcmeennve 3HAUEHUA C HYAB0U BEULECTNEERHOT “a-
CMBI0, NPUEM DAZMEPHOCTIL KAHCO020 COOCMBEHH020 NOONPOCPAHCMEA,
omeeuarowezo Re A = 0, cosnadaem ¢ ezo xpammocmuvio.

Tozda nyaesoe pewenue Y(t;0) = 6 cucmemot @ ABAAEMCA YCMOTUu-
8vM no JIANYHOBY, HO HE ACUMNIMOMUYECKU.

,ZZO’ICCLS&mEﬂmeGO. YTO4YHUM 3aBUCHMOCTDH MaTpHUIIaHTa
Z(t,0) =Y ()Y ~'(0)

oT nepemenuoit ¢ > 0 B paccmarpuBaeMoM ciydae. st BceX 3JieMeHTOB
Y;;(t) dbynnamMenTaIbHON MATPHIIBI, OTBEYAIONAX COOCTBEHHBIM 3HAUEHUSIM
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C OTPHIATEILHON BEIIECTBEHHON TACTHIO, aHaIoru4Ho TeopeMe [2.2.1] cnpa-
BeJJTNBA, OTICHKA,
|Yi;(#)] < Cijexp{at}, Vt >0,

rie Cy; — nocroguusle, o < 0. Cregosaresbo,
Yyl < iy V0.

ITo ycroBuio TeopeMsl, asieMeHTH Yy, (t) dyHIaMeHTaIbHON MATPHIBI, OTBE-
Jarornye cCOOCTBEHHBIM 3HAYEHUSIM A = {¢ C HYJIEBOIl BEIIIECTBEHHO 9aCcThIO,
SIBJITFOTCS KOMIIOHEHTAMU BEKTOP-DYHKIWH 13 DyHIAMEHTATHLHON CHCTEMBI
pelienunii Buaa

7(t) = hrexp{t},

tie h = (hiy, ..., hy) " — cOBCTBEHHBIH BEKTODP (IIPHCOEMHEHHBIE BEKTOPHI
JIJTsT TAKAX COOCTBEHHBIX 3HaUeHui orcyTerBytor). OUeBHIHO, ITO U B 9TOM
cIydae 3J1eMeHThl (PyHIAMEHTaJbLHONH MATPHIILI TAKXKe OrPAHUIEHbI:

|Ykl(t)| = |hkl| . |exp{z'qt}| < Cy, VE=0.

Takum 06pazoM, Bce djeMeHThl byHIAMEHTAIbHON MaTpulpl Y (t) orpanu-
wennl. Ymuozxenne Y (t) na nocrogamyio Marpuiry Y ~1(0) ocraiaser koad-
dunmeHTHl ponu3BeJieHnsT MATPUIL orpanndeHHbIME. CJ1e/0BaATEIBHO,

|Zi;(t,0)] < Cyy, ¥Vt >0.

Torma w3 npencrasaenus pemenus (2.9) B cuty semmMbr ¢ MaTpwuIeit
B(t) = Z(t,0), dbyukuueit b(t) = C = max Cy; u T(t) = Y UMeeT MecTo
1,)=1,...,n

s [RRRE

OIlEHKA, _
7)) < nCllgol|-

W3 s70it oneHKY CiieyeT yCTORIUBOCTD HYJIEBOTO PEIIEHUS.

JlokazKeM OTCYTCTBHE aCHMIITOTHYECKOil ycroitunsocru. Ilycrs h € C™
— KaKOi-Tnb0 COOCTBEHHBINT BEKTOP, COOTBETCTBYIONINI COOCTBEHHOMY 3Ha-
geHnto A = iq, ¢ > 0. Bes orpannyenus oOIIHOCTH MOXKEM CUYHTATH, ITO
|h|| = 1. Bextop-dynxmnus

7(t) = 0.560Re hexp{igt}, &y >0,

ABJIAETCA perreaneM cucTeMbl ((2.8) Kak BEIeCTBeHHAA 9aCTh KOMILIEKCHOTO
perennst hexp{igt}. B HauambHbIl MOMeHT t = 0 mMeeM

7(0) = 0.550Re h, [[7(0)]| < 0.500|[R]| = 0.58.
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s moboro 69 > 0 U3 §p-OKPECTHOCTH HyJIEBOTO DEIIeHUsl CTapTyeT IIo-
cTpoenHoe Bbimte pernenue Y(t), Ho F(t) -+ 0 mpm t — 400, TOCKOJBKY,
nanpumep, Y(tx) = 0.500Re h # 0 upu t,, = 27k/q, k € N. Bosee upocroit

cay4vait ¢ = 0 paccMaTpUBaeTCsl aHAJOTUIHO. O

2.2.4. Teopema 0 HEYCTOWYMBOCTH HYJIEBOTO pEHIE€HUs JIMHEWHOMN
CHCTEMBI C MOCTOSTHHBIMU KO3(dduiimeHTaMmmn

Teopema 2.2.3. [Iycmov evinoanerno roma 6vs 00HO U3 Ycao8ul:

1. Mampuyua A umeem cobecmeertoe 3HaUeHUE ¢ NOAOAHCUMENDHOT ceue-
cmeerHol wacmsvlo;

2. mampuuya A umeem coOCMEEHHOE SHAYEHUE Ny TMAKOE, HMO
ReA,, =0,

NPpUYEM PaA3MEPHOCIND cobcmeerno20 no&npocmpancmea, omeevalo-
weeo )\m; MEHDUWLE KPATMHOCTNU I1TN020 CcOOCMBEHH020 3HAMEHUS.

Toz0a nyaecoe pewenue F(t; 0) = 0 neycmotivuso no Jlanynosy.

Loxasameavcmeo. Ilycts y marpuiiel A umeercst cOOCTBEHHOE 3HaUeHUE
A =p+ig taep >0, g > 0. O6o3uaunm uepe3s h = hp + ih; COOT-
BETCTBYIONHT COBCTBEHHBIN BEeKTOD, Tye hg, h; — JUHEHHO He3aBUCHMbIE
BekTOpHI 13 R™. Bes orpanmdenus O6MIHOCTH MOYKEM CYHTaTh, uTo ||| = 1.

BekTop-dyukimus
7(t) = 0.56Re hexp{(p + iq)t} =
= 0.50 exp{pt} (ER cosqt — hysin qt), 5 >0, (2.10)

aBysieTcs pemenne cucremsl (2.8) Kax BemecTBeHHAsS YACTH KOMILUIEKCHOTO
pererns: hexp{(p + iq)t}. B HauanbHBIH MOMeHT t = 0 MMeeM

7(0) = 0.50hR,  [[7(0)]| < 0.56]|R]| = 0.50.

s mo6oro 6 > 0 U3 6-OKPECTHOCTU HYJIEBOTO PelleHHus CTAPTYeT IIOCTPO-
ennoe B (2.10) pemenue 3(t), nist koroporo npu t = t, = 2nk/q, k € N,
k — 400 umeem:

Y(ty) = 0.50hg exp{27kp/q}, |[y(tr)|l = 0.56||hg| exp{27kp/q} — +oo.
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Bonee npocroit ciaydait ¢ = 0 paccMaTpuBaeTcst aHAJIOTHIHO.

Eciin y maTpunbr A umeercst cobcTBeHHOE 3HaUYeHne A = iq, ¢ > 0, Kpar-
HOCTBb KOTOPOI'O IIPEBOCXOAUT Pa3MEPHOCTH COOCTBEHHOT'O IIOAIIPOCTPAHCTBA,
TO 17151 Jioboro ¢ > () CyIIeCTBYeT PelleHue CUCTEMbI BHUIA

y(t) = 0.50Re (g + th) exp{iqt} =
=0.56((gg + thg) cosqt — (g; + thy)singt), & >0,
7(0) = 0.50Re g, |[7(0)]| < 0.5,

riae h = hg + ih; — COGCTBEHHBI BEKTOD, § = § r +1g; — IPHUCOCTMHECHHBI
BekToD, ||g|| = 1. Hocrpoennoe pemenue g(t) crapryer upu t = 0 uz J-
OKPECTHOCTH HYJIEBOrO perenust, a upu t = t = 2rwk/q, k € N, k — +o0
nmMeeM:

Y(te) = 0.50(g +tuhr),  [7(t)ll ~ kl[hrll — +oo.

Bosee npocroit ciayuait ¢ = 0 paccMaTpuBaeTcst aHAJIOTHIHO. O]

2.3. UccnenoBanne Ha yCTOWYMBOCTH IO IIEPBOMY IIpU-
6amxenuro (mepsbiit Meros JIsimyHoBa)

PaCCI\/IOTpI/IM ABTOHOMHYIO CUCTEMY

dy(t)

)] (2.11)

e f(7) = (f1(®), f2(9), -, fu(@) . Ipesnonaraercs, «rro

7(@) =2

Torpa cucrema uMeer Hysiesoe pernenue (t) = . 1o pemenue nasee
UCCJIeyeTCsl Ha, YCTOMIMBOCTb.

B nmamnom maparpade u Hmke B maparpade Oy/leM CYUTaTh, UTO
BCe peleHusi, Boimenme npu ¢t = 0 U3 HEKOTOPOl OKPECTHOCTU HYJIEBOIO
PpeIleHnst, Opeie/IeHbI IpH JIIOOBIX ¢t > (. DTOT PaKT 3aBEIOMO UMEET MECTO
B Cilydae, KOrga KoMIoHeHTH! f;(7) mpasoit gactu (2.11) ymosmersopstor
ycsosuio Jlunmmia Ha BeceM pocrpancTse R™ (cum. reopemy 77). Bozmorkabl
TaKKe 1 Jpyrue MeHee orpaHnvnuTe/IbHble CJIydau.
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ITycrs dyukmnun f;(Y) ABaK abI HenpepbIBHO AnddepeHIupyeMbl B HEKO-
TOPO# OKPECTHOCTU Hadaja KoopAuHaT. Torma myMeeT MecTo MpeJICTaBICHIe

f@m) = Ay + R(y), (2.12)

rae

al . . _ _ _
A= <8§j(0,...,0)>, i,j=1,...,n, R@) =o(7]).

Hanomnum, uto yenosue R(7) = o(||y||) osnauaer, uro
Vo>0 3p>0: [yl <p = ||R@| <yl (2.13)

Nemma 2.3.1. ITyemov svinoanero ycaosue u 6ce cobcmeertble
BHAYEHUA MAMPUULL A UMEIOM OMPUUAMENDLHDIE BEUELCTNEEHHDIE YACTNU:

Re \p <0, Yk=1,...,n.

Tozda watidymes xoncmanmo, &g > 0 u pg = dp > 0 maxue, wmo moboe
pewenue Y(t;7,) 3adavwu Kowu

dy(t)
dt

20e ||yl < do, ydosaemesopaem nepasencmasy

= Ay(t) + R(y(t)), (0) =7y, (2.14)

19 70) Il < po
ons ecex t > 0.
Hokasamesvemeo. Cravana ybeaumcsi B TOM, 4To perenne §(t;Y,) 3a1auu
Kommu (2.14]) ymosiierBopsier BeKTOPHOMY UHTEIPAJILHOMY yDPABHEHUIO
t
(t9) = 26,003 + [ Z(t, )Ry (ri o)) (2.15)
0

HeiictBurenbHo, 0003HATAS

F(t) = R@(t:70)); (2.16)
MBI BUIMM, 910 Y(t;Y,) ABJIsI€TCS pemenneM 3asan Komm jyis smnaeitnoi
HEOJIHOPOJTHOM CHUCTeMBI ¢ TIpaBoii vacTbio F(t)
dy(t)

i AT+ F@), 50) =7
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Io dopmyne (??), ycranossiennoit B ciencreuu 7?7 K Teopeme 77, pernenue
aToit 3amaun Komm umeer By

t

y(t) = Z(t,0)y, + / Z(t,T)F(T)dr.
0

YunreiBas dbopmyay (2.16), npuxomum x (2.15]).
Omnennm ciaraeMble B mpasoit gactu (2.15). B cumy semm [2.2.1]

aHAJIOTUYHO JI0KA3aTEJIbCTBY TE€OPEMBbI m 00 aCHMIITOTUYECKON yCTOWIn-
BOCTH HYJIEBOI'O pEIIeHUd JTUHEHHON CUCTEeMbl 3aKJ/II049aeM, YTO HallyTcd He
3aBHCAINUE OT Y, KOHCTaHTBI @ < 0 m M; > (0 Taxme, 4TO CIpaBEeIIHBO
HEepaBeHCTBO

12(t,0)goll < My exp{at}|[g-

AHaJIOrMYHO OLEHUBAETCS TIO/IbIHTErPaJIbHOE Bhipazkerue B ([2.15]):
1Z(t. 7)R(H(T:70))Il < Mz exp{a(t — 7)}H[RG(7:7))|-

ITpumensis gemmy [2.2.2] 1715t OEHKI HOPMBI HHTErPaJia OT BEKTOP-(DyHKIMH,
MIPUXO/IUM K HEPaBEHCTBY

[7(t: 7o) || < M exp{at} |7l + M/exp{a(t = HIR@(m370)lldr, (2.17)
0

e M = max{ My, Ma/n}.
Badurcupyem Bemuunny ¢ > 0 HACTOIBKO MAJIO, YTOOBI BBITOJHSLIOCH
HepaBeHCTBO

Mo < 1

of =47
Hns narnoro o cornacuo (2.13) maitnercst po > 0 takoe, uro upu |7 < po
UMEEeT MECTO OIEHKA

IR@)I < ol (2.18)
Haxkomserr, mmomoxkum
do = mim{ﬂ @}
aM’ 2 )

Wrak, BeIGOP (DUrypUPYIOMIUX B YCJIOBHH T€OPEMbI KOHCTAHT 09 W pg OCY-
IIECTBJIEH.

[Tycrs perenue y(t;7,) 3azaun Komn npu t = 0 ymoBJIETBOPSI-
er HepaseHCTBY |7y < do, Torma ||[Foll < po, M B CHILy HEIpepBIBHOCTU
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perieHusi HepaBeHCTBO ||T(4;7o)|| < po Oyzer uMerh MeCTO Ha HEKOTOPOM
nosyunrepsage [0,t1). Ocraerca ybeanrbest, ato ¢ = +oo. [Ipeanonaras
NPOTUBHOE, MBI I HEKOTOPOro KoHewHoro t1 € (0, +00) nmeem

[9EGo)ll < po,  VE€[0,42),  [[7(t1;To)ll = po-
Torna B cuty ([2.18))
IRG(T: Gl < ollF(73Go)l < opo, 0 <7 <t

VauTeiBas TO, 9TO
[Toll < d0 < 1+~

B cuity (2.17) umeem

po = [5t:90)] < 5 explats) + Mopn [ explalts - 7)}dr <
0

po , Mopg Po
< — 1-— t < —.
1 o] ( exp{« 1}) 5
Tlonygennoe mpoTuBOpevNe JTOKA3ZBIBACT JIEMMY O]
Teopema 2.3.1. IIycmov dynruyun f;(7) deastcdv. nenpepuisno dudhpe-
PERUUPYEMDBL 8 HEKOMOPOT OKPECTNHOCTNUY HAUAAG Koopduram, j = 1,... n.
Ecau sce cobemeennvie snauenus mampuyns A = (0f£i(0,...,0)/dy;)

UMENTM, OMPUUATMENDBHBLE BEWECTNBEHHDIE LACTU.
ReX, <0, VEk=1,...,n,

Mo HYAEB0E PEULEHUE CUCTLEMDbL ACUMNIMOMUMECKY, YCMOTHUBO 1O
Jlanynosy.

Ecau orce natidemes xomsa 6v. 00HO cobecmeennoe 3HAYEHUA MAMPULDL
A= (8]2(0, cee 0)/83/]-) € NOAOHCUMEALHOU BEWECMEEHHOT YACMBIO:

INe{\,...; }: ReA>0,
Mo HYAEe80€ pewerue Heycmotuueo no Jlanyrosy.

Jloxaszamenvcmeo. OrpaHTIIMCS JOKA3ATETHCTBOM IEPBOil YACTH TEOPEMBbI
06 ycroitunBocTu. BozbmeM HaiiieHHbIE B JOKA3aTEIHCTBE JeMMHBI [2.3. 1| KoH-
CTaHTHI dg U po. BozbMeM U3 §(-OKPECTHOCTH HYJIEBOTO PEINEHUST TPOU3BOJIb-
HYIO Ha49aJIbHYIO TOUKY ¥,. Torma y(t;yo) — perenue 3aa4u Kormnm u
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COOTBETCTBYIOINEro NHTErpajbHOro ypassenus (2.15)). B cuiy semmebr
513

upu t > 0 cupasemuBo HepaBeHCTBO ||(6;7,)|| < po u cormacHo
UMEET MECTO OIECHKA

IR@(T: Gl < ollg(r:7o)ll, - ¥r > 0.

Torna B cuty (2.17)) mist Beex ¢ > 0 cpaBeyInBO HEPABEHCTBO

t
I3(6:30) | < Mexp{at) 5ol + Mo explat) [ expf-an)}lg(rigo)ldr.
0

Ymuoxus na exp{—«t} u BBeus 0603HAUEHUE JJIsI CKAJAPHON (DyHKIMU

u(t) = exp{—at}|[g(t;7o)l,
IIPUXO/IUM K HEPABEHCTBY

t
OéMﬂéAﬂ%H+Mﬁ/uﬁMﬂ £ 0.

0
IIpumenss semmy I'ponyosia-Bennmvana, momydaem

u(t) < M||g,l| exp{Moat}.
Boszsparasice K crapbim 0603HAYEHUSAM, C YI€TOM COOTHOIIEHUS

|

M gia
75y

nmMeemM
156 7o)l < Mol exp{ (Mo + )t} < M|[go|| exp{3at/4}.

B cuny orpunareibHOCTH (v OTCIO/Ia, BBITEKAET ACUMIITOTUYECKAS YCTOWYH-
BOCTb HYJIE€BOI'O PeEIIeHud. ]

Npumep 2.3.1. Hccaedyem yemotivusocms pewerus (0,0) cucmemoy

dyr/dt = —y1 — ayz + 3,
dya/dt = y1 — v} + 3.
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Hmeem f1(y1,y2) = —y1 — ay2 + 3, f2(y1,v2) = y1 — ¥ + 3,

= (7))

Jas naxoocdenusn cobcmeeHHur 3navenut mampuuys, A cocmasum xrapax-
MEPUCTNUYECKUT, MHO20UAEN

—-1-X —a

M(A)zdet(A—AE)z( 0

>:A2+)\+a.

Tozda cobemesennnie srhavenua Ao = 0.5(—1 %+ /1 — 4a).

IIpu a > 0 umeem Rer1o < 0. IIpu a = 0 umeem Ay = —1, Ay = 0.
Ilpu a < 0 umeem Ay < 0, Ay > 0. Taxum obpasom, cozsacro nepsomy
Mmemody Jlanynoea, Hyaesoe peweHUE ACUMNMOMUYNECKY YCMOTUYUBO NPU
a > 0, neycmotiuueo npu a < 0. Ilpu a = 0 nepswviti memod Jlanynosa
HENPUMEHUM.

2.4. NccnenoBaHue Ha yCTOWYMUBOCTH C IIOMOIIHIO
dyukiumit JIsnyHoBa (Bropoii meroxn JIsimyHoBa)

2.4.1. ITonoxurenbHO onpeaeaeHHbIe PYHKIINN

Onpepenenne 2.4.1. Qynxyua V(y) : R" — R naswsaemca nonooicu-
meavho onpedenentoli na mroocecmee 2 (0 € Q) ecau svinoarerv caedy-
ouue 066 YCAOBUA:

1. V() 20,Vy ey

2. V() =0&7y=0.

Hasee Jy1s1 oTIpeIeIeHHOCTH 6Y/IeM CIUTATh, 9TO MHOYKECTBO §) SBJIsIeTCS
mapoM pajguyca R > 0 ¢ meHTpoM B Hadajie KOODJIMHAT:

Q={yeR": |y <R}

Nemma 2.4.1. [Iycmo V(Y) — nenpepui6nas u noaodicumesvho onpede-
aernas na Q dynrxyus. Toeda:

1. dasn mobozo 1 > 0 cywecmsyem €9 > 0 maxoe, ¥mo u3 ycaro6uil
7€ Q, |7l = e1 swmexaem nepasencmeo V(Y) = ea;
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2. dan mobozo 5 > 0 cywecmseyem €3 > 0 maxoe, wmo u3 ycarosul
7y € Q, V(Y) > g2 ewmexaem nepaserncmso ||[g|| = es.

Jokasamesvemeo. TIpoBejeM JOKa3aTeIbCTBO METOJOM OT IIPOTUBHOIO.

1. IpemmosnoxKum, 9T0 1IEpBOE U3 JOKA3BIBAEMBIX YTBEPK IeHUIT HEBEPHO.
Torga cymiectByer €1 > 0 Takoe, 4To JyIs j1060ro €2 > 0 cyniecTByeT TOUKa
7 Takas, uro £1 < ||| < Ru V(¥) < 2. B cuity Ipou3BOIBHOCTH £9 MOYKHO
B3ATh MOCJIEOBATEIBHOCTE 0 < €9 — 0, M TOrja Hafijgercsi mocieoBa-
TeJILHOCTD TOYEK ¥, It Kotopoit €1 < [[7]| < R, V() — 0. Ilockonbky
[OCJIeJIOBATENBHOCTD ), IPUHAJJIEXKUT 3aMKHYTOMY OFDAHUYEHHOMY MHO-
JKECTBY, TO HEKOTODasl €e IIOJIIOCIIE[0BATEIbHOCTD ABJIAETCS CXOZAIIeiics,
Ur,, — U, €1 < ||yl < R. B cuny menpepeisrocru V (g, ) — V(y) = 0,
OTKy/a G1aroaps TOJIOKATEBHOM onpeeaenHocTH mveeM § = 0. IIpoTn-
BOpevue.

2. TIpeamomoKuM, 9T0 BTOPOE M3 JIOKA3BIBAGMBIX YTBEPKJICHUN HEBEp-
HO. AHAJIOrMYHO NPOBEJEHHBIM BBIIIE PACCYZKJIEHUAM CyIIECTBYyeT o > 0
TaKoe, UTO JIJIsT HEKOTOPOi mocienoBaTeabrHocT 0 < €3, — 0 Haiimercs mo-
CJIEJIOBATENILHOCTD TOYEK Ty, s KoTopoit ||7|| < 3k, V(¥),) = €2. B cury
HenpepbiHocTH uMmeeM V() — V(0) = 0, 9T0 HNpOTHBOPEYHUT MPEJIBILY-
IeMy HepaBEHCTBY. O

TFeomeTpuaecKuit CMBICTT JIEMMBI COCTOUT B TOM, UTO IOBEPXHOCTH YPOBHSI
dyukuun V(7) = €9 HAXOAUTCHA B MIAPDOBOM CJIO€, OTPAHUYEHHOM U3HYTPU
cdepoit ||7]| = e3 u cnapyxu — cdepoit ||g|| = €1 (em. puc. [2.3).

Cnepcteue 2.4.1. Ecau nocaedosamenvrnocms moyek §,, € 2, mo npu
k — 400

U — 0 mozda u moavko mozda, xozda V (7,) — O.
Ecau npu t > 0 sexmop-gynxyus G(t) € Q, mo npu t — 400
7(t) — 0 mozda u moavko mozda, xozda V (7(t)) — O.

JlokazaHHBIE YTBEDXKJIEHNs ITOKA3bIBAIOT, YTO HEIPEPBIBHAS II0JIOKU-
TEJIbHO Olpejie/ieHHast (DYHKIINS MOYKET HCIIOJIb30BATHCH B KAYIECTBE MepbI
Gim3ocTi Toukn § € R™ K Havasy koopauHar. fcHo, aro HopMma V (7) = |7l
SIBJISIETCS] HEIIPEPBHIBHON TIOJIOKUATEJIHHO OIpPeesIeHHON hyHKImell BeKTOpa
y. IlpuBesieM mpruMepsl MTOJIOKUTEIBHO ONPEIEeHHBIX (DYHKIINIA, He sIBJIs-
IOIMUXCA HOpMaMH.
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Yo

Yy

\
¥

Yy

Puc. 2.3. MumocTpanust CBOMCTB MOJIOKATENBHO onpezenennoit dynkumu V (7),
¥ = (y1,92).

Mpumep 2.4.1. Oynxyus V (y1,Y2) = Y3-+Y35 AGAACINCA NOAOHCUMENOHO
onpedesernoti, Ho He YO0BAEMBOPAET, YCAOBUID 0OHOPOIHOCTU OAA HODMDL.
Bumecme ¢ mem, ee AMUHUAMU YPOSHA ACAAIOMCA OKPYHCHOCTIU.

2 2
MNpumep 2.4.2. Pynruyua V(yr,y2) = 4/ ‘z—; + g—g (a>0,b>0,a#b)

ABAAEMCA NONOHCUMEALHO ONPedesenholi, HO He YJOBAEMBOPAET HEPABEH-
CMBY MpeyzorvrhuKra 0as HOPpMbL. JTuruamu yposna amot PYHKUUU ABAL-
T0MCA IAAUNCHL C OAUHAMU NOAYOCET, NPONOPUUOHAALHBIMYU @, b.

2.4.2. @ynknuga JIamysosa

Paccemorpum 3amady Komu gy HOpMasibHON CHCTEMBI OOBIKHOBEHHBIX
muddepeHnnaIbHbIX YpaBHeHT T

dy(t - _ _

DO _ Fa.50). 50) =7 € 2, (219)
re ?(t,@) =(filtt,y1,- s Un)s o (& Uty Yn)se e oy fr(tyn, ... ,yn))—'—7 KOM-
noueHTs! fj(t,y1,...,Yn) OLNPEIEJICHbl U HEIIPEPBIBHBI HA MHOXKECTBE

[0; +00) x Q,

puyem

fi(t,0,...,00=0, j=1,....n, t>0.

dcno, uro cucrema (2.19) umeer Hymesoe perenne y(t;6) = 6.
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Onpegenenne 2.4.2. Henpepwisho Jubpepenyupyemas U moa0dHcu-
meavro onpedesernas nwa Q dynkyus V(Y) nasweaemesn dynruyuet JIs-
nyrosa cucmemv (2.19), ecau

>?

j=1

fj (t,7) <0, VgeQ, t=0. (2.20)
ayj

2.4.3. Teopema 006 ycTOMYUBOCTU

Teopema 2.4.1. Hycmb Ha mHooicecmeae ) cywecmseyem dynrkyus Ja-
NYHOBA NS CUCTNEMDL . Tozda nyaesoe pewenue 3(t;0) = 0 cucmemv
(-) ABAAEMCA Yemotuusom no JIanynosy.

Joxazamenvcmeo. 3adukcupyem npoussosbhoe 1 € (0, R). B cuy JieMMbr
2.4.1| naiinerca o = €3(g1) Takoe, YTO KaK TOJLKO JJigd Y € ) BBIIOJIHEHO
HepaBeHCTBO 7] > €1, TO

V(g) = e (2.21)

B cuiy senpepsiBHoctu dbyukiuu V(Y) B Hyde mis e9(e1) Halinerca 6 =
d(e2(e1)) Taxoe, uro u3 HepaseHncrsa ||Y|| < J BbITEKAeT oneHKA

V(@) < =. (2.22)

Bes orpannyenust 00ITHOCTH MOXKHO CUATATH, 9TO § < €7.

PaccMoTpuM npOM3BOJIBHYIO HAYAJIBHYIO TOUKY ¥ U3 0-OKPECTHOCTH HY-
nesoro perternst (||7,]] < §) n mokazkem, uro npu t > 0 cooTBeTCTBYIOIIEE
perrenne G(t) = §(t;Y,) cucTeMs VJIOBJIETBOPSIET HEPABEHCTBY

GO <er.
ITpu t = 0 3710 HepaBeHcTBO BhinOHEHO, ||F(0)|| = ||7oll < 0 < &1, u B cwry
(2.22) nmeem
_ €2
V(5(0)) < 5 (2.23)

B cuy menpepsiBHOCTH HepaBeHCTBO ||[7(t)|| < €1 ocraercs crpaBeIuBBIM
Ha HEKOTOpoM ToyunTepsase t € [0;t1). Eciu t; = 400, T0 yeroitunsocTs
nokazaHa. Ecim ke st HeKoroporo MoMmeHTa t1 € (0, +00) OKazKeTcs: BbI-
[OJIHEHHBIM [IPOTHBOIIOJIOXKHOE HEPABEHCTBO,

[g(t)l = €1,
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Puc. 2.4. K noxkasaresbCTBy TeOpeMbl

To B cuity ([2.21) momygaem (cm. puc.
V(y(t1)) = 2.

[IpuruMasi BO BHUMaHUe HepaBeHCTBO ([2.23)), nmeem

VEt) - VEO) 2 e -5 =3 >0 (2.24)

WV

C npyroit croponbr, B cuiy ([2.20))

V) _ §- OV I ) SOV sy <o, e o

Cuenosaresnbuo, dyukuusa V(7(t)) ve Bospacraer na orpeske [0,t1], uro

uporusopeunt ([2.24)).

Takum ob6pazom, 110 npousBosbHOMY €1 > 0 Haiinmeno § = d(e1) Takoe,
9TO W3 HEpaBeHCTBa ||Y,|| < 0 BeITekaer oneHka ([F(t;Ty)|| < €1 masa Beex
t > 0, o3HA"aMAas YCTONIYNBOCTDH HYJIEBOI'O PEIIEHUS. O

Mpumep 2.4.3. Hccaedyem yemotivusocmo pewenus (0,0) cucmemoy

{ dy1 /dt = —y1y3,
dyo/dt = ylys.
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Hmeem f1(y1,y2) = —y1ys, f2(y1,y2) = yiye,

d1i(0,0) 0 0
A= —"2) = .
Iepswviii memod Jlanynosa wenpumerum, max xax mompuya A umeem coo-
cmeeHHvle 3HaveHus Ay = Ao = 0.

— A 4
Ionoorcumenvro onpedeaennasn dynxuus V(y1,y2) = yi + y5 Asasemca
Pynryuet JIanynosa paccmampusaemot cucmemss, NOCKOALKY

oV (y1,y2)
oy

av(yla y2)

filyr, y2)+ F2(y1,y2) = 43 - (—y1y5) +4y3 - (yiy2) = 0.

Cnedosamenvho, BvMOAHEHO YCA0BUE . Coznacro meopeme HY-
Aesoe pewenue Yemoiuueo no JIanynosy.

2.4.4. Teopema 06 aCUMOTOTUYECKON yCTOMINBOCTU

Teopema 2.4.2. [Tycmov na mruoocecmse ) cyuwecmsyem dymryus Js-
nynosa V(g) cucmemoe , YO0BAEMBOPAIOULAHL HEPABEHCTEY

> %

(7)) < W), VgeQ, t=0, (2.25)

20e W () — nexomopas nenpepuienas noiodcumenivho onpedeienras na §)

PyHKUUS.
Tozda nyaesoe pewenue G(t;0) = 0 cucmemo ABNAENCA ACUMNL-
MOMUYECKY YCMOTUNUBHIM.

Loxazameavcmeo. YcToiauBOCTD 10 JISIIyHOBY HyJI€BOTO PEIIEHHS CJIEIYyeT

uz Teopemsbr [2.4.1] Ocraercss nokasarh, aro mis pemenus y(t) = §(t; 7o)
sa1aun Komu ([2.19)) Beimosmmeno

y(t) -0 wpm t— +oo,

€CJIH TOJTLKO T HAXOJUTCA B HEKOTOPOil OKPECTHOCTH HYJIEBOTO PeleHHsl.
I3 nokasarenscrsa TeopeMsl [2.4.1] BEITEKAET OrpaHNYEHHOCTD TPACKTO-
pun G(t), HOCKOJIBKY OHA IPUHAJJIEXKAT £1-OKPECTHOCTH HYJIEBOTO PEIEHMSL.
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Hosromy u dyukuusa V (g(t)), asiagsch ckaaspHoit byHKImeil aprymenTa t,
OrpaHUYeHa CHU3Y W HEe BO3pacTaeT 6/aromapst HepaBeHCTBY

av(y(t)) zn: oV (y(t)

B = gy ) < WD) <o

j=1
KoTopoe cieayeT u3 (2.25)). Torma cymecTByeT mpees

i Y =a = 0.
Jim V() = >0

Yoemumcst, aro a = 0. [eiicrBurenbro, eciu « > 0, TO B CHJIy HEBO3-
pacranust V(Y(t)) uz nepasencrsa V(§(t)) > a cormacuo 1. 2 nemmst 2.4.1]
BBITEKaET oneHka |[g(t)|| = e3 > 0 qsa Beex ¢ > 0, tue €3 = e3(a). pume-
HeAsl JIEMMY n. 1 g nosoxuressHO onpegenenuoit dbynkimn W (g),
ybexxiaeMest B crpaBe ymmBocTu HepaseHcersa W (G(t)) > 5 st Beex t > 0,
rie = B(e3) > 0. Torma nupu t — +00 B cuity 1 GOPMyYJIBI KOHEUHBIX
npupamennii Jlarpanzka uveem

v (o)

V) - Vo) = o < W) < -pr - oo,

YTO MPOTHUBOPEYUT IIOJIOKUTENBbHOI onpeznenentocta V (7).
Taxum obpasom V (y(t)) — a = 0 u, B cunty ciegcTsus u3 jgemmbr [2.4. 1
OKOHYATEJIbHO yOexkaaeMcst, ato F(t) — 6 upu t — +oo. O

Mpumep 2.4.4. Hceaedyem yemotivusocms pewerus (0,0) cucmemoy

dyi /dt = —y> — yi,
dyz/dt = y1 — 5.

Hmeem f1(y1.y2) = —y2 —yi, f2(y1.y2) = y1 — U3,
af£:(0,0) 0 -1

A= —"2% ) = .

(“a) =V )

Iepsuiii memod JIanynosa nenpumerum, max Kax mampuya A umeem coo-
cmeennvie snavenus A\ o = xi. Jaa V(y1,y2) = (y? + y3)/2 umeem

OV (y1,y2) OV (y1, y2)
CLAILI2) b (g1, ) + I (4 ) =
o fi(y1,92) 92 fa(y1,y2)

=y (g2 —9) + 2 (1 — ) = —(yf +v3)
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Caedosamenvho, dynwuus V (y1,y2) asasemes gynryued JIanynosa, kKomo-
pas YooBAEMEOPAEM, YCAOBUIO ¢ HENPEPBIEHOT NONOAHCUMENDHO ONPE-
denernoti dynwuueti W (y1,y2) = yi + y5. Hosmomy, coenacno meopeme
2.4.9, nyaesoe pewenue acumnmomuyecky yemotiuuso no JIanyrosy.

2.4.5. Teopema HeTaeBa 0 HEyCTOMYNUBOCTHU

Teopema 2.4.3. I[Tycmo 6 nexomopom wape e = {y € R" : ||[7]] < €}
paduyca € > 0 natidemes obaracms D C Q. ¢ epanuuets Do UT., 6 € Ty,
gl = € npu g € Te. ITyemo na samvianuwy D U Ty U T, omoti obaacmu
onpedesera nenpepvisho Juddepenyupyeman dyrnxyus U(Y), obaadarowas
ceolicmeamu:

1. U(m) =0npuyg €Ty, U(y) >0 npuy € D;

2. das mobozo o > 0 natidemes 8 = B(a) > 0 makoe, wmo u3 ycaosud
v € D uU(y) > a swmexaem nepagercmaeo

S %W umzs tz0
Yj

j=1

Toz0a nynesoe pewenue Y(t;0) = 0 zadauu Heycmotiyuso no Jlany-
HOBY.

Joxasamenvcmeo. 1lpemonoKuM OPOTHBHOE, TO €CTh HYJIEBOE DPEICHUe
ycroitanso o Jlanyrosy. CormacHo onpeenaeHno ycroiansoctn 1o Jlsaimy-
HOBY JJIsl B3ATOIO U3 yCJIOBHs TeopeMbl € > 0 cymiectsyer d > 0 Takoe, 4To
anst moboro pemennst Y(t) = §(t;7,) samaun Komn (2.19), mas koroporo
npu t = 0 BBIIIOJIHEHO HEPABEHCTBO ||T,|| < 0, st Beex ¢ > 0 cupasesnBo
HepaBeHCTBO ||[F(t)]| < €, To ecThb

7(t) € Qe. (2.26)

Tax xak 6 € 'y, To MoxkeM BHIGpath Y, € D, u torma U(y,) = ug > 0.
Pacemorpum ckassipayto dyaxnuio U (G(t)). Umeem

dU(dyt(t)) _ Z aUa(:Z;t)) fj (t,7(t)). (2.27)

Jj=1

dU (yy)
dt

IIostomy nipu ¢ = 0 crpaBe7IMBO HEPABEHCTBO > 0.
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Puc. 2.5. K gokasarennsctBy Teopembr Yeraesa.

IToka craproBasmas npu ¢ = 0 u3 obnactu D Tpaekropust ¥(t) ocTaercs
B 910l obsiactu (F(t) € D), cupaBeyiuBo HEPABEHCTBO

dU (y(t))

dt > 0.

Torna dynkuusa U(g(t)) Bospacraer u, CJie0BaTEIbHO,
U@(0) > Uy) = uo > 0. (2.28)

PaccMarpuBaemasi TpPaeKTOpHUsI He MOXKET BbIiiTH n3 obmactn D Hu depes
rpanuny g (B cuy yeioBust Ulr, = 0), HE 4epe3 rpanuiy I'. (B cumry
(2.26))). IToaromy

G(t)eD, t>0, (2.29)

u HepaBeHcTBO ([2.28]) Boimosneno g Beex ¢ > 0. Torga B custy Henpepbis-
nocru dyukuuu U (G (t)) TpaeKTopus He MOXKET BBIATH 3a MPeJIeIbl 3aMKHY-
TOro orpaHudeHHOro Muoxkectsa Dy (cM. puc. [2.5), rue

Dy={ye DUT UT.:U[) > uo}-

Cormacno ycosuio Teopemst i B cuy (2.27), ([2.28) u (2.29) s a = ug
Hafimercst By > 0 Takoe, 9TO BO BCEX TOUKAX TpaeKTopuu §(t) cnpaBenBo
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HEPaBEHCTBO
dU(y(t))
> B
o Bo
Iousnenno unrerpupys Ha orpeske [0, t] u nepexoss K upeesy upu t — —+0o0,
nMeeM
Uy(t)) = U(Ho) + Bot — +o0, ¥(t) € Do,

YTO IIPOTUBOPEYUT OIPAHUYEHHOCTH HerpepbiBHOH dynkiuu U(Y) na 3a-
MKHYTOM orpanmydeHHoM MHOXKecTBe Dy. IlosTomy mcxommoe mpesmosoxke-
nre HeBepHo. HeycroitunocTs 10 JIsmyHOBY HYJIEBOTO pellleHus J10Ka3a-

HA. O

Mpumep 2.4.5. Hccaedyem yemotivusocmo pewenus (0,0) cucmemo

{ dy1/dt = y1y3,
dyz/dt = ytya.

Hmeem f1(y1.y2) = y193. f2(y1,v2) = yiye,

- (282~ (3 1)

Iepswiti memod JIanyrosa Henpumerum, max Kakx mampuye A umeem coo-
cmeenHvle 3Haverus A2 = 0.

Pacemompum pynruuro U(yr,y2) = y1y2. Hyeme D — cosokynmocmo
08YT CEKMOPOB, OMCEKAEMBLT OM eQUHUNHO20 KPY2a Nepsot U mpemyvel Ko-
OPOUHAMHBLMYU YEMBEPMAMUY, 2paruya L'y cocmoum us Aedcauus Ha 0CAT
0OY; u OY5 paduycos. Umeem

oV (y1, oV (y1,
OV 92) gy + 2002 ) — g+ - s =
oy 92

=yt +3) = v1y2((UF — ¥3)° + 2(1112)°) = 2(y1y2)® > 20°

npu yeaosuu y1yz = a > 0. Taxum 06paszom, 6vMoAHENDBL YCAOGUA TREOPEMDBL
¢ B(a) = 203, u nyaesoe pewenue neyemotinuco no JIanynosy.

2.4.6. YCTOMYNBOCTh TOYCK ITOKOSI

Touka J, € R" HazbBaeTCs TOYKON MOKOs (IOJIOXKEHHEM DABHOBECHUS)
aBTOHOMHOII CHCTeMBbI

dy(t)

o FH(t)), (2.30)
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ecan f(7,) = 0. Takum 06pasoM, KOOPAMHATHI TOUEK MOKOs HAXOISATCS U3
CUCTEMbI YPAaBHEHUI

fily, - yn) =0,

)

Ecin 7, — To4ka nokosi, To QyHKIws Y(t) = T, ABIAETCH HE 3aBHUCH-
M OT IIEPEMEHHOI ¢ pelleHrueM CUCTEMbI . TpaekTopusi Takoro pe-
I[IEHUST IPEJICTABISET COBOM MPSIMYTO JIMHUIO B IPOCTPAHCTBE (£, Y1, . -+, Yn ),
a B (bas0BOM IIPOCTPAHCTBE MIEPEMEHHBIX (Y1, . .., Yn) — OJHY TOUKY. Byaem
HA3bIBATH TOYKY IIOKOS ¥, YCTOMIMBOI, aCUMITOTHYICCKM yCTOMIUBONA MJIN
HeycTolunBoil 1o JIsamyHOBY, eciu cooTBercTByIOIIee pemeHue Y(t) = 7,
YCTOWYHNBO, ACUMIITOTHYECKN YCTONYNBO WA HEYCTONYIUBO 110 JISIIyHOBY.

s ucce0BaHus yCTOWYIUBOCTH TOYKH ITOKOSI MOYKHO CJIEJIATH 3aMEHY
nepemenHbx Y(t) = y(t) + Y, 1 nepeifiTy K MUCCIIETOBAHUIO yCTOHIMBOCTH
HYJICBOTO PEIICHUA CACTEMbI

WO _ TGy, FG) =76 +70)
st npumenennst Teopembl [2.3.1] BEIMHCIIM 3/1€MEHTBI MATPUIIBI IIPOU3BOI-
HBIX A = (a;;):
OF; ofi
= 5y 00 = ).

B pesynbrarte npuxoanM K yTBEPKIEHUIO 00 YCTORIUBOCTH TI0 IIEPBOMY IIPH-
GJIZKEHUIO IIPOM3BOJIbHOM (He 00sI3aTeJIbHO HYJIEBOI) TOUKH IIOKOSI.

aij

Teopema 2.4.4. [Iycmo G, — mouka NOKOA Cucmemovl , Pyrruuy
£ (@) dsaorcov nenpepuiero duddeperyupyemo, 8 HEKOMOPOT OKPECTIHOCTIU
Yo, j=1,...,n.

Ecau sce cobecmeennvie 3HaueHus mampuiys, A = ((‘3fi (@0)/8%) UMENM,
OMPUUGTMENDHBIE BEULECTNEEHHDLE YACTNAUL:

ReAp <0, Vk=1,...,n,

Mo MOYKA NOKOA Y GCUMNMOMUYECKY Yycmotiuusa no Jlanyrosy.
Ecau orce natidemesa xoma 0ve 00H0 COOCMBEHNOE ZHAMENUA MAMPULDLL
A = (8fi(7o)/0y;) ¢ norosrcumenvhoti sewecmeennots wacmovio:

Ixe{r,...; A} ReA >0,

Mo MoyKa NoKoA Y, Heycmotuuea no Janyrosy.
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2.5. Knaccudukanms ToUeK MOKOs

JlokazaHHBIE BBIIIE TEOPEMHBI [2.2.1 IIO3BOJISIOT MCCJIEIOBATH HA yC-
TOHYUBOCTDb TOYKU ITOKOsI JIMHEWHOM CUCTEMBI C IMOCTOSTHHBIMU K03 duru-
€HTAMHU U OTBETUTH HA BOIIPOC, UTO IIPOUCXOIUT CO CTAPTYIOMIEH 13 OKPECT-
HOCTHU TOYKH IIOKOSI TPAEKTOPUE: OCTAETCS JI OHA B 3TOI OKPECTHOCTH IIPH
t — +00, MO0 TTOKUIAET ee 3a KOHEYHOe BpeMsi. BmecTe ¢ TeM 1acTo ObIBaeT
HEOOXOIMMO YTOYHHUTDH XapPAKTEPHBIN BUJ TPACKTOPHIl B OKPECTHOCTU TOY-
KU TIOKOsI ¥, TTO0 BO3MOXKHOCTH, BHE ee. B JaHHOM maparpade Mbl IpUBeIeM
KJIaccuUKAIMIO TOUYEK TIOKOS JIMHEHHON CHCTeMbl Ha II0CKocTH (n = 2).

2.5.1. Kiaccudukamusi TOU€K MOKOsI JIMHEMHON CUCTEMBbI

PaccMOTpuM JIMHEHHYIO CHCTeMY € HOCTOSIHHLIMHU BEIeCTBEHHBIME KO-
scbdummenTamu orHOCHTETLHO BeKTOP-byHKIIMHT Y(t) = (y1 (1), y2(t)) T

dy — ain a2
< = A A= . 2.31
dt v ( as a2 (2:31)

Hac 6yayT uarepecosarsh (asoBble (TO €CTh B IJIOCKOCTH (Y1,Y2)) Tpaek-
Topun cucremst ([2.31). 3amerM, 4TO asoBble TPAEKTOPUI FTOf CHCTEMBI
ABJIAIOTCS NHTEIPATBHBIMA KPUBBIMU OOBLIKHOBEHHOTO JhhepEeHITnATBLHOTO
YPaBHEHUS, TTOJyYEHHOTO TI0C/Ie NCKIIIOUCHNsT TIEPEMEHHOM ¢ u3

% _ auy + ai2y2 (2.32)

dy>  az1y1 + azys’
Touka nokost (0,0) siBasieTcss 0co6oii JIst ypaBHEHUST , IIOCKOJIBKY B
Heil HApYIIEHBI YCJIOBHUS TEOPEMBI CYIIECTBOBAHUS M €JIMHCTBEHHOCTH pPe-
menus 3agaun Komu. [Tosromy depes touxy (0,0) MoxKeT nNpoxomuTh Kak
HECKOJILKO (pa30BBIX KPUBBIX, TaK W HU OAHOMN. Takmm oOpas3oM, TOIKA ITO-
kog (0,0) mcxomHoil cucreMbl SIBJISIETCSI OCODOI TOYKOIl ypaBHEHUsI
(2.32) B da30BBIX EPEMEHHBIX.

Kiraccudukariuo Touek mokos 6y1eM IPpOBOAUTE B 3aBUCUMOCTH OT CO0-
CTBEHHBIX 3HAYEHWI U COOCTBEHHBIX BEKTOPOB MaTpuibl A. B paccmarpu-
BAaEMOM CJIydae N = 2 UMeeTCs JIBa COOCTBEHHBIX 3HAUECHUA A1, Ag. Ecianm
A1 # A2, TO COOTBETCTBYIOIINE COOCTBEHHBIE BEKTOPBI

- _f hi - f hi2
() = (o)
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Yz Ez Yz sz

h, R,
o Y, 0 Yi
a [§)

Puc. 2.6. Ysem: a — ycroituusblii, 6 — HEYCTONYUBBIIA.

JIMHEeHHO He3aBHCUMBI 1 cocrasisiior 6asuc B C2. Ecim A\ = Mg, TO BO3-
MOXKHO CYIIECTBOBaHME KaK JBYX, TAK U OJHOIO JINHEHHO HE3aBHCHMOI'O
COOCTBEHHOI'O BEKTODA; B HOCJEIHEM CJIydae CyIIeCTBYET OJIUH IIPUCOE/IH-
HEHHBII BEKTOD, JIMHEHHO He3aBUCUMBIiT ¢ cOGCTBeHHBIM. PaccMoTpuM THIbI
TOYEK IIOKOs B CJIydae HeBBIPOXKIeHHOi Marpuipl A (det A # 0).

2.5.2. ¥Y3ea ()\1, Ay € R, A 7& /\2, A1 Ay > 0)

O6ree pemerne cucremsl ([2.31]) umveer Buz

(t) = ( e ) e < o )exp{)\lt}JrC'g( o )exp{/\gt},
VO, Ch € R, (2.33)

Paccmorpum cHagasta caydait, Korja COOCTBEHHBIE 3HAYEHUS OTPHUIA-
TesbHBL: Ao < A < 0. Torma myseBas ToO9YKa MOKOsT ACUMITOTHIECKH yCTOM-
quBa 10 JISAIyHOBY M Ha3bIBaeTCA yCTOWYMBBIM y3JjioM. Pa3oBble KPUBBIE
npu t — +00 crpemarcs K ycroitamsomy ysiy: y(t) — 6 . Boiscuum, 10
KAKOMY HallpaBJIEHUIO (ha30Bble TPAEKTOPUU BXOAAT B y3ej. Jljis 3Toro BbI-
YUCJIUM TTPOU3BOIHYO

dy, Crhiih et + Cohiahoe??t  CrhyiAy + CahyadoeP2 =20t (230
dys  CrhaihieMt + Cohaahoe 2t Crhoi Ay + Cohgghge(z—Ant
T: dyy hiy

aK Kak Ay — A1 < 0, To mpu C; # 0 umeeM — — —— mpu t — +00, TO

dyQ ha1
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€CThb KacaTeJbHbIII BEeKTOP (Da30BOil TPaeKTOPUHU B IIPeJiesie KOJIIHHeapeH
cobctBerHOMy BekTOpy hi. Ecmm xxe Cy = 0, 10

h
y(t) = Cg ( h12 ) 6)\2t.
22

3uaunT, pa3oBasg TPACKTOPHS JEKUT Ha IPsIMOii, 3a1aBaeMOil COOCTBEHHBIM
BEKTOPOM ho, M IPUOIIHIKAETCH K TOUKE MOKOS IPH t — +00.

Boisscunm manpasiaenne $a30BbIX TpaekTopuii mpu ¢t — —oo. B atom
ciiydae ¢a30Bble TPAEKTOPHUH, OTJIMYHBIE OT TOYKH IIOKOsI, CTPEMSITCS K Oec-
KOHEYHO yJlajleHHOil Touke. B cuy npu Cy # 0 umeeMm

dyr  Crhiide®1 =22t 4 Cohiody  hip

= - —,
dys CrhoiA\eP1=22)t 4+ Cohgodg haa

t — —o0, ()\1—)\2>0),

TO €CTh TPAEKTOPUU B OKPECTHOCTU OGECKOHEYHO YJIAJIEHHONW TOYKHU BBICTPA-
MBAIOTCsl apaJLIesIbHO BeKTOPY ho. Eciu xke Co = 0, To

s =ci( ) e
21

u ¢a30Basi TPAEKTOPUs JIEXKUT Ha IPSMOIi, 33/1aBaeMOil COOCTBEHHBIM BEK-
TopoM h;. IIpoBe/ieHHbIe BBIKIAIKA HUIFOCTPUPYIOTCS Ha PHC. uzobpa-
KameM (ha30Bble TPACKTOPUM B CJIydae YCTOWYHMBOIO y3Jjia, CTPEJIKUA Ha
TPAEKTOPHUSX YKA3bIBAIOT HAIIPABJIEHNE JBUKEHUS IIPU yBEJIUIECHUN .

st ToI0KUTEIbHBIX cOOCTBEHHBIX 3Hadennii 0 < A1 < Ag TOUKa IIO-
KOsl Ha3bIBAETCSI HEYCTONYUBBIM Y3JIOM, PACIIOJIOKEHNE U BUJ, TPAEKTOPHUIi
OCTAIOTCsl TEMU YK€, YTO U JjIsl OTPUIIATELHBIX COOCTBEHHBIX 3HAYEHMUIA, HO
HaIlpaBJICHUE JIBUXKEHUS 10 TPACKTOPUIM MEHSIETCS Ha, IIPOTUBOIIOJIOXKHOE.

[Tosie3HO MOMHUTH CJIe Iy IOIee TPABUIIO y3Jia: (Da30BbIe TPACKTOPUH BXO-
JST B y3€J1, KacasiCh COOCTBEHHOTO BEKTOPa ¢ HAMMEHBIITIM II0 MOJIYJIIO COO-
CTBEHHBIM 3HAYEHUEM.

2.5.3. JTlukpurudeckuii y3eJ
()\1 = )\2 7é 0, dlmker(A - )\1E) = 2)

B ciaydae mukpurrdeckoro ysiia JIBYKPATHOMY COOCTBEHHOMY 3HAYEHUIO
A = A1 = A9 OTBEYAIOT JBa JUHEHHO HE3aBHCUMLIX COOCTBEHHBIX BEKTO-
pa hi u hy marpunsr A. Torma BeIpaskeHue JIJIsT ODIIETrO permeHns
[IPUHUMAET BU/L

7(t) = (Crhy + Cohs) exp{ At}
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Y2 Yz

a §)

Puc. 2.7. [luxkpurndeckuit y3ea: a — yCTORIUBLIA, 6 — HEYCTONIUBBIIA.

Yo Ye
e _ ] _
hy Ry
/ /
K T
I —
a §)

Puc. 2.8. BoipoxkaeHHDIH y3esI: a — yCTONYIUBBIH, 6 — HEYCTONIUBBII.

U OIpEesIAeT Ha IJIOCKOCTU (Y1,Y2) COBOKYIHOCTH BCEBO3MOXKHBIX JIYUEH,
BXOJIAIINUX B TOYKY MOKOst it A < 0 (yCTONYMBBIi JUKPUTHYECKUI y3ed1)
U BBIXOJSINUX M3 TOYKHU IOKOs JJId A > 0 (HEYCTOIYUBBIH JUKPUTHIECKUI
y3ea), eciim t — +00 (eM. puc. [2.7)).

2.5.4. BbIpoxK/1eHHbIl y3eJ1
()\1 = )\2 7é 0, dlrnker(A - AlE) = 1)

Breipoxk nennsrit y3es ycroitaus, ecian A1 = g < 0, u Heycroituus, ecian
A1 = A2 > 0. B cay4ae BBIpOXKIEHHOTO y3/a JIBYKPATHOMY COOCTBEHHOMY
3HAYEHUI0O A = A1 = Ay OTBEYAIOT OJINH COOCTBEHHBINt BEKTOP hi MATPHUIIBI
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=~
Av]

Puc. 2.9. Cemjio.

A m onuH TpuCcoeIMHEHHBIH BekTOp Pp. Obmmee perenne cucrembr ((2.31)
3aIUCHIBAETCS B BUJIE

y(t) = Clﬁl exp{)\t} + Cg(ﬁl -+ tﬁl) exp{)\t}

Ecm Cy = 0, To dasosbie Tpaexropun pemenns j(t) = C1hy exp{\t} co-
CTOAT U3 ABYX Jiydeil, BXOAAIMX B TOUYKY HOKOst it A < 0 (BbIXOmsIIuX
U3 TOYKM HOKOs Jid A > () upu ¢t — 400 10 HAIIPABJIEHUIO COOCTBEHHOIO
BekTopa. Ecim Cy # 0, To

Y(t) = texp{At}(Cahs +0(1)), t— +oo.

Bupno, uro perenne kacaercss COOCTBEHHOIO BEKTOPa B TOYKE TOKOS IIPU
t — +oo gmg A < 0 ymbo mpu t — —oo gaa A > 0. Ha 6eckomeunoctn
upu t — —oo g A > 0 gumbo npu t — 400 g A < 0 dazoBast Tpaek-
TOPHS OISTH BBICTPAUBAETCS O HAIPABIECHUIO COOCTBEHHOIO BEKTOpA, HO
B IIPOTUBOIIOJIOZKHOM HAIIpaBJEHUU OJiarojapsi CMeHe 3HaKa MHOXKHUTEJIS t.
Tunuunast KapTuHa (PA30BBIX TPACKTOPUH JIJIs BHIPOXKJIEHHOIO y3J1a IPUBE-

Jena Ha pucynke [2.8]
2.5.5. Ce,zmo ()\1,)\2 S R, Ay <0< )\1)

flcHo, ITO CeIo SABISETCS HEYCTONYINBOIM TOUKOiT MoKost. Bocmoab3yemcst
JUIsl aHAIU3a ToBejieHust Tpaekropuit dopmysoit (2.33). s C; # 0 upn
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Z /C’

a §)

Yz Yz

@Q
\y

Y1

Puc. 2.10. okyc: a — ycroituusblii, 6 — HEyCTONIUBBII.

t — 400 nosiydaeM Ipe/JiCTaB/IeHue

5(t) = exp{Mth(Cy ( o ) e < e )exp{@z ) =
— exp{Mt} (O < Zi )+o(1)).

dyl 11
Kpowme toro, u3 (2.34) seTpymamno BumeTs, 910 —— TO ecTh (pa30BbIE
dys  ha
TPAEKTOPUHU TpU ¢ — +00 CTpeMsITCs K OECKOHEYHO yJ/IajleHHON TOYKe U

HMEIOT aCHMIITOTY, 33/1aBaeMyI0 COOCTBEHHBIM BeKTOpoM h. Ecim ke Cp =
0, To Y(t) = Cahyexp{Aat}, n DbasoBas TpaeKTOpHS JEKHUT Ha MPAMOIL,
3a/1aBaeMOil COGCTBEHHBIM BEKTOPOM g, IPHOJIIIKASLCH K TOUKE IIOKOSI IIPU
t — —+o00.

Jia t — —00 KapTHHA IPOTUBOIOJIOXKHAs: (Pa30Bble TPACKTOPUH CTPe-
MATCA K OeCKOHeIHO yhaneHnoil Touke npu Co # 0 ¥ UMEIOT acCHMIITOTY,
3a7aBaeMyIo BeKTOpoM hy. Ecim Cy = 0, 1o 3(t) = C1hy exp{\it}, n da-
30Basi TPAEKTOPUS JIEZKUT Ha MPSAMOH, 3a1aBAEMOIl COBCTBEHHBIM BEKTOPOM
hi, IpuGIIZKAsACH K TOUKE IOKOs HpH t — —00. IIpoBeenHble BHIK/IAIKH
WITTIOCTPUPYIOTCS pUCyHKOM [2.9]

2.5.6. ®okyc (M2=0tiweC, w#0,d#0)

Touka 1OKOsT HazbIBaeTCsT POKYCOM, ecau MaTpuiia A UMeeT KOMILIEKC-
HO COIIpsI?KEHHbIE COOCTBEHHbBIE 3HAUEHUS ¢ HEHYJIEBBIMU JIEHCTBUTE/IHLHON 1
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MHEMOH wactsmu. Ilycts h = hy + ihy — COGCTBEHHEBIl BEKTOp C JIMHEii-
HO HE3aBUCUMbBIMUA E172’ OTBEYAIONINN COOCTBEHHOMY 3HAYCHUIO A1 = 0 + iw.
Torga meficTBuTeIbHAS U MHUMAS YACTH KOMILIEKCHO3HAYHOM BEKTOD PyHK-
mun z(t) = Eexp{)\lt} COCTaBJISIIOT BEIIECTBEHHYIO (DYHIAMEHTAIBHYIO CH-
CTEMY PEIEHU CUCTEMBI:

71 (t) = Rez(t) = exp{dt} (ki coswt — hy sinwt),
Uy (t) = ImZ(t) = exp{6t} (hy sinwt + hy coswt).

TTosTomy oOITiee BeleCTBEHHOE PEIIeHre NUMEET BH/T

y(t) = C1y, () + Cay,(t) =
= exp{dt} (01 coswt + Cy sin wt)ﬁl + exp{dt} (Cg coswt — C] sin wt)ﬁg.

O6osnauas C = /C? +C3 # 0 u BBOJS BCIOMOTATEbHBIA yroi ¢ u3

yCJI0BUit

Cy
C’
[IPUXOJUM K PA3JIOKEHUIO PEIeHUs 10 OA3UCY, COCTABJIEHHOMY U3 BEKTOPOB

El n hQI

siny = %, cosY =

y(t) = &(t)h1 + & (t)ho.

Kospdumnmentsr pazmorkennss ompeaessiioTcsa U3 COOTHOITEHNH
&1(t) = Cexp{dt}sin(wt + 1), &a(t) = Cexp{ot} cos(wt + ),

38/TAI0MUX JIOrapuMIIecKyIo CIIUPaJb, KOTopast IpH ¢ — +00 CKpyIHuBa-
ercst i & < 0 (yeroitamsbiit dokye, £(t) + £3(t) — 0) u packpyuuBaercs
quist § > 0 (meycroitumsbiit dbokyc, £2(t) + £3(t) — +00). XapakTepHoe To-
BeJieHne (hbasOBBIX KPUBBIX B Cilydae POKyCa MPUBEJCHO HA PUCYHKE

2.5.7. Lentp (A2 = tiw e C, w #0)

Touka TOKOS HA3BIBAETCS HEHTPOM, €CJIM MaTpuna A nMeeT 9meTo
MHUMbIE KOMILIEKCHO CONPSI?KEHHBIE COOCTBEHHBIE 3HadeHMs. Takmm oGpa-
30M, IEHTp — yCTOIYMBAs TOYKA IIOKOs, HE SIBJIAIONIASICS ACHMIITOTHYE-
cKkH ycToiunBoii. C HOMOIIBI0 KOMIIEKCHO3HAIHOIO COOCTBEHHOIO BEKTODA
h = hy + ihy c IMHEHO HE3ABUCHMBIME BENIECTBEHHBIME COCTABJISEOTIN-
Mi hy 1 hg aHATOrMYHO ciydato (oKyca 3almieM obIee perenue B BUJIe
passoxenns Y(t) = & (t)hy + E2(t)ha ¢ xoadbdunuentamu

&1(t) = Csin(wt + ),  &(t) = Ccos(wt + ),
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Yo Yo

NB)IEAABJIK

Puc. 2.11. IenTp.

V/IOBJIETBOPAIONUME paseHcTBY &3 (t) + £2(t) = C2. Torma BekTop K03-
dunuenros (&1(t),&2(t)) onucbiBaeT NEPUOAUTECKOE JIBUXKEHHE 110 OKPYIK-
HOCTH, KOTOPOMY B MCXOJHBIX KOODJIUHATAX COOTBETCTBYET B OOIIEM CJIydae
Apuzkenne 110 ey (en. puc. 2.11)).

2.5.8. Cayuaii BeipoxKaeHHoil marpunbl A (det A = 0)

Y BBIPpOKIEHHON MATPHUITHI OTHO WU 00a COOCTBEHHBIX 3HAUEHUST PABHDI
HyJI10. PaccMOTprUM BO3HUKAIOIIUE 3/1€CH CJLyYau.

IIyctb Ay =0, Ao #0, u ha, ho — COOTBETCTBYIOIHNE JIMTHEHHO HE3aBUCH-
Mble COOCTBEHHBIE BEKTOPHI. Toraa obiee pereHne NMeeT BI

y(f) = 0151 + CQEQ exp{)\gt}.

Bes npsaivast, npoxofisiniast gepe3 HaA9AI0 KOOPAINHAT HAPAJIIETHBHO BEKTOPY
hi, COCTONT M3 TOYEK HOKOsA. V3 OCTAJIBHBIX TOYEK ILJIOCKOCTH JIBHIKEHHE
[IPOUCXO/IUT TI0 IPSIMBIM, HAPAJIEIFHBIM BTOPOMY COOCTBEHHOMY BEKTODY
hy, UpUOAMKAACH, K TOYKE NOKOs npH ¢ — +00 B ciydae A < 0 u npu
t — —oo B ciyuae Ay > 0. Xapaxkrep $a30BBIX TPAEKTOPUil MPEJICTABIIEH
Ha pucyrkax [2.12p u [2:12p.

IIycte Ay = Ay = 0 uw dimker A = 2, To ecTb CyIIECTBYIOT JINHEHHO
He3aBUCHMBIe COOCTBEHHDIC BeKTOPHI Iy 1 hy. Toryma maTpuia A cocrout us
OJTHUX HYyJIeli, a obIee pereHme UMeeT BUJ

?(t) = Clﬁl + CQEQ.
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Puc. 2.12. Cayyaii BBIPOXKIEHHON MaTPHILHI.

Bce ToukHM mI0CKOCTH SIBJIAIOTCS TOYKAMU IIOKOSI B PACCMATPUBAEMOM CJIy-
qae.

IIycts A1 = A2 = 0 m dimker A = 1, T0 ecTh CymiecTByeT OIWH JINHEHHO
HE3aBUCUMBIIT COOCTBEHHBIN BEKTOD h. Torma maiizercs COOTBETCTBY IO
npucoeauHeHHbI BekTOp p. OOImee perenne umeeT BUJ,

7(t) = C1h + Cy(p + th) = (Cy + Cat)h + Cop.

Best mpsimast, mpoxofisiias depe3 Ha9asI0 KOOPINHAT IaPAJLIIEIHHO COOCTBEH-
HOMY BEKTODY A, COCTOUT U3 HEyCTOHUMBBIX TOUEK IOKOs. V3 OCTAIbHBIX
TOY€EK IIJIOCKOCTHU JABUXKEHHNE ITPOUCXOIUT II0 IMPAMBIM, IapaJljleJIbHbBIM CO6—
CTBEHHOMY BEKTODY E7 npudeM HallpaBJICHUE JBUXKEHUA ITPOTUBOIIOJIOZKHO
B HoJIymiockoctsx, orsevaonux Co > 0 u Cy < 0. Xapaxrep $a30BbIX
TpaeKTOpuil mpencTaBiIeH Ha pucyHke [2.12.

2.5.9. Knaccudukariuss To4eK NOKOSA HEJIWHENHO cucTeMbl

Touky nokost J, € R™ aBTOHOMHOIT CHCTEMBI

dy(t)

0 (2:35)

OyZeM Ha3BIBATH TPYOOH, ec/ii MATPHUIA TPOM3BOIHBIX

Ofi

A= (ai;), ay= dy;

@o)a i’j = la“';n (236)
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“MeeT POBHO 7, TOMAPHO PA3JIUYHBIX COOCTBEHHBIX 3HAYEHUI C HEHYJIEBOI
BEIIECTBEHHON Y4acThbI0. YCTOWIMBOCTH 110 JIsamyHOBY rpy0oit 0coboii Tourm
BCerJa OJHO3HAYHO OIPEJIEJISIETCS C IIOMOINBI0 IepBOro mMerona Jlsmymo-
Ba COIVIACHO TeopeMe m OKa3pIBAeTCs, 9TO U KAYECTBEHHOE ITOBEJIEHNUE
ba30BbIX TPACKTOPHUil CUCTEMDI JIOCTATOYHO IIOJIHO OIHMCHIBAETCS C
HOMOIIBIO JIMHEHHO CUCTEMBI

) _ Aj(t) (2.37)

dt

B MaJIOHf OKPECTHOCTH KaXKJAO0# IpyOOil TOUKM ITOKOSI.

Ha mnockocru (n = 2) rpy6oil ToYKe HOKOsSI COOTBETCTBYET JIMHEHHAasI
cucreMa BUJA , UMeIolas HyJIeBYI0 TOUYKY IIOKOsI TOJIBKO OJIHOTO U3
CJIEJIYFOIIMX TUTIOB: y3eJI, Celyi0 mwin poKyc. ByjieMm Ha3bIBaTh rpyOYIO TOUKY
[TOKOsI HEJIMHEWHOM CUCTEMBI y3JIOM, CEIJIOM WU (POKYCOM, €CJIM ITOT THII
nMeeT HyJIeBad TOYKa MOKOdA COOTBETCTBYIOIINAN JWHEHHON CHCTEMBI

¢ marpureii (2.36]).

Mpumep 2.5.1. Onpedesums mun mouek nokos cucmemot

{ dyi/dt =y — 1,
dya/dt =y} — 3.

Touku TTOKOST OIIPEIETATOTCS U3 AJAreOpanTecKoil CHCTEMBbI

{ Y1 — 1= 07
y% - y% =0,
mmeromeit apa pemenus: (1,41) 7. Tak Kak 11 JaHHOM CHCTEMBI

Filyiye) =v8 —v3, falyr,y2) = ¥3 — 3,

TO
0 0 0 0
Of _\ Oh _y Ok, 0,
oy 0y oy Yo
. 1 0
st Toukw mokost (1,1) ' marpuma A = 9 _o |mmeer COOCTBEHHBIE
sHauenus \; = 1, Ay = —2. Torma (1,1)T — cenyro.
Jns roukw okos (1, —1) " mMarpuma A = é 9 ) nMeeT COOCTBEHHbIE

sHavenna \; = 1, Ay = 2. Torma (1, —1)T — meycroitamsbit yser.
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hasa 3

KpaeBble 3aga4n ans
AndocpepeHLmaibHOro ypaBHeHus
BTOPOro nopsigka

3.1. IlocTaHoBKa KpaeBbIX 3aja4

B mpenpiaymux maparpadgax MHONO BHEMAHHUS OBLIO YIEJIEHO WCCJIEI0-
BaHMIO 3ada4u Ko 17151 0ObIKHOBEHHBIX TudDepeHnaIbHbIX yPABHEHUIA.
B zajiage Komu 1151 ypaBHeHUsT n-T0 MOPSIJIKA, PA3PEIIEHHOIO OTHOCUTE b~
HO cTapieil TPOU3BOIHON, B KAYECTBE JIOIOJHUTE/IBHBIX YCJIOBUI Jjisl BbI-
JIeJIeHUsT €MHCTBEHHOTO PEIIeHUs 3aJal0TCs 3HAUCHUS (DYHKINN U €€ IPO-
U3BOIHBIX 110 (n — 1)-ro nopsijka B HEKOTOPOil TouKe. BO3MOXKHBL U 1pyrue
IIOCTAHOBKH 33/1a4, B KOTODPBIX JOMOJHUTEIbHBIE yCJIOBUS 3aJAI0TCs IIPU
JBYX 3HAUEHUSX HE3aBHCHUMOI epemenHoiil. IIpusesem 1Ba npumepa.

PaccmoTrpum JiBr2KeHME MaTeprasbHON TOYKM €UHUYIHON MacChl BIIOJIb
npsiMoit y. [IBumKeHnme ompejenseTcs W3BECTHON cujoil F', 3aBucdmieil or
BpeMeHu t, nojoxkenus Touku y(t) u ee ckopocru y'(t). B coorsercTBum €
3akoHoM Hpioromna, momyunm auddepeHIma bHoe ypaBHeHne BTOPOro mo-
psizika it HemsBecTHOH dyHKmn y(t)

Vi !
y'(t) = F(ty(t),y' (1), to<t<ty. (3.1)
EC.HI/I MBI 3HaEM IIOJIOZKEHNE TOYKHU B HaqaﬂbeIﬁ MOMEHT BpelVIeHI/I " KOHEY-
HBI MOMEHT BpPeMeHU, TO

y(to) = o, y(t1) = v1. (3.2)

Takum 06pa3oM, HAM HYXKHO PEIIUTH CJEIYIONYI0 3aja4dy: HalTu (QyHK-
1o yY(t), yI0BJIETBOPSIONLY 0 OOBIKHOBEHHOMY (> depeHnajabHOMy ypaB-
HEHUIO U KPaeBbIM YCJIOBUIM .

Hpyrum npuMepoM KpaeBoit 3a71a91u MOXKET CJIYKUTh 33/1a4a, OIMChIBa~
OIas pacIpejieleHne TeMIepaTypbl 4(x) B TOHKOM CTepXKHe

a (k(x)j;‘) Cqlepu=—f(). O<z<l (3.3)
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uw(0) = ug, u'(l) =0. (3.4)

Kpaesoe ycnosue u(0) = wug COOTBETCTBYeT TOMY, UTO Ha JIEBOM KOHIIE
CTep:KHsI M3BECTHA TeMIeparypa, a Kpaesoe ycaosue u'(l) = 0 o3Hauaer,
YTO IPaBbIil KOHEI cTepzKHs Terion3oauposad. Oyukuun k(x), q(z) u f(x)
samanbl. HyKHO HAlTH pacupesesieHne TeMIepaTypbl B cTepHe u(zT), TO
ecTb pemuts Kpaesyio sagady (3.3), (3.4).

B obmem cayuae, kpaesoit 3agateit qaa auddepeHmaabHoro ypaBHe-
HHUS N-TO HOPSAIKA, Pa3PENIeHHOI0 OTHOCHTENILHO CTaplieil IIPOU3BOJIHOIM,
paccmarpuBaeMoro Ha orpeske [0, [], HazbiBaeTca 3a/1a49a, B KOTOPOil 3HAHe-
HUs Hem3BecTHONH QyHKIMHU y(T), e MPON3BOJHBIX WM WX JIUHEHHAS KOM-
OuHaImMs 331a10TCT Kak B Touke x = 0, Tak # B ToUke & = .

MbI OrpaHUYUMCS UCCIEI0BAHIEM KPAEBBIX 3aJ1a4 JJIs JIMHEHHOro aud-
depeHnuaIbHOr0 ypaBHeHNs BTOPOTO TOPSIKA.

BaskHoit 0COGEHHOCTBIO KPaeBbIX 3aJad sBJIAETCS TO, YTO MX PeIleHue
He BCerza CyIeCTBYET, a eCIH CYMIeCTBYET, TO MOXKET ObITh HeeIMHCTBEHHO.
JleficTBUTEILHO, PACCMOTPHAM ypPaBHEHUE

y'(z) +y(x) =0, 0<z<n7 (3.5)
C Kpa€BbIMU YyCJIOBUAMUA

y(0) =0, y(r)=uw. (3.6)

Obee perienye ypasHeHust uUMeeT BUJ ¢1 Sin x + o cos x. U3 Kpaesoro
yeaosus y(0) = 0 nomyunm, uro y(x) = ¢y sinx. Ecium y; # 0, To pernenue
sagaan (3.5), (3.6) me cymecrsyer. Ecim xe y; = 0, 10 pemienuem 3aja-
un , (3.6) siBasierca dyuxuus y(x) = ¢qsinz, rue ¢; — IPOU3BOJIbHAS
IIOCTOdAHHasA, TO €CTb peIHeHI/Ie KpaeBOﬁ 3a/la91 HeeIMHCTBEHHO. ()TMeTI/IM7
4TO pernenue 3aaa4an Komm i ypaBHeHust C HAYAJILHBIMH yCJIOBHAMHI
y(zo) = Yo, ¥ (zo) = y1 CymIeCTBYET U €IUHCTBEHHO LPU JIHOOLIX (BUKCUPO-
BaHHBIX Yo, Y1 U Zo € [0, 7].

3.1.1. IIpeobpa3oBanmue ypaBHEeHUsI

Paccmorpum kpaeByto 3amady Juist JIHHEHHOTO OOBIKHOBEHHOTO mudde-
PEHIMATHLHOIO YPABHEHUsI BTOPOTO TOPSIJIKA

ao(2)y" (z) + a1 (2)y' (z) + az(2)y(x) = f(z), 0<w <, (3.7)

a1y (0) + B1y(0) = uo, a2y’ (1) + Poy(l) = u, (3.8)
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rae byuxmun a;(z), ¢ = 0,1,2, fi(x) u nocrosunbie a1, 31, as, Sz 3a1aHbI.
Tpebyercs naittu dbynkimio y(z) € C2[0, 1], yroBaeTBopsonTyo , .
Hasee npennosnaraem, aro dyukuuu a;(x), ¢ = 0,1, 2, f1(z) HEUpepbIBHBI HA
orpeske, ag(r) # 0, a nocrosumbie oy, 31, a2, B2 TakosbI, uTo OF + 37 > 0,
i=1,2.

IIpeo6pasyem ypasHenue . CHagajia NOYJIEHHO pas3fejuM ero Ha

ai(s)

ap(x), a 3aTeM ymHOXKUM Ha (T ) = exp ( f ds) Beraesnsist mosHyo mpo-

U3BOJHYIO, IIOJIyYaeM

& (10 ) st = o). o< (39)

rae p(x) — menpepoisao auddepennupyema Ha [0,1], p(x) > 0, a dynkuun

o P i)
q( ) Clo(af) ) f2( )

ABJIIOTCA HenpepbiBabiMu Ha [0, [].

3.1.2. Peaykumusi K OMHOPOJHBIM KPAa€BBbIM yCJIOBUSM

Paccmorpum kpaeBbie ycsioBust . Ecmm vy = vy = 0, To KpaeBbie
YCJIOBHST HA3BIBAIOTCS OJTHOPOTHBIMY, B TPOTUBHOM CJIyYae — HEOTHOPO/THBI-
mu. ITokaxkem, 9To 33121y , (3.8) MoxKHO cBecTH K 3aja4e ¢ OIHOPOJI-
HBIMU KDPaeBbIMU ycjaoBusiMu. 1lycrh y(x) — perienue 3agaqu , .
Pacemorpum dbyuknuio z(x) = y(x) — v(x), rae v(x) — u3BecTHAs IBAXKIBI
HEIIPEPBIBHO ;mcbd)epeHmeyeMaH dyukus, y,ZLOBJIGTBOpHIOHIaH KpPaeBbIM

yeaosusim (3.8). Hoxcrasus & (3.9), (3-8) y(« x) + v(x), mosydum st

dbynxnun z(r) Kpaesyio 3a;1aqy c O;LHOpO,LLHLIMI/I KpaeBbIMI/I YCJIOBHSME
d dz
£ i . — <z<
i (M0 F )~z = 1@ 0<as

a12'(0) + £12(0) =0, «a92'(I) + B22(1) = 0,

rie

) = o) = g (@) 2 ) + aloe

Oyuxnuo v(x), YAOBIETBOPSIONIYI0 HEOJIHOPOAHBIM KDAEBBIM YCJIOBHSIM
(3-8)), MOKHO BBIGpPATH PABJIMUHBIMUA CLIOCOOAMHE, OJHUM U3 CAMBIX IIPOCTBIX
SIBJISIETCSI €€ TIOUCK B BUJI€ MHOI'OYJIEHA.
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Mur TIIOKa3aJii, 9TO KPaeBYyIO 3a/ia4y MO2KHO CBECTU K KpaeBOfI 3aJga4e C
OJHOPOAHBIMHI KPaeBbIMH YCJIOBUAMU

& (10) - st = ). 0ol (3.10)
a1y'(0) + B1y(0) = 0, a2y’ (1) + Bay(l) = 0. (3.11)

Hanee a1y 3amady OymeM Ha3bIBATH OCHOBHOHN KpaeBoil 3amadeii. Kpaesast

sazgada (3.10), (3.11) maseBaercs odnopodnotl, ecim f(x) = 0 u neodrnopoo-

107 B IIDOTUBHOM CJIydae.

3.1.3. ToxxknectBo JlarpaH>ka u ero cJjeaCcTBUe

BriBeeM HEKOTOpBIE COOTHOINEHWS, KOTOpPbIE OyIyT HaM IIOJE€3HBI B
naspHeiteM. Beegem muddepennnanbHbIi omepaTop

=5 (s ) - ataly.

[ycrs dbyuxmm y(z) € C2[0,1] u 2(z) € C?[0,1], Torma MOKHO BLIMHCIUTE
Ly u Lz, a TakyKe BbIpaXKeHHE

)ty y(ote =05 (10 ) ~uo g (0 F )

i (P ) V@ g (P00,

Tak kak

0 (10 ) w5 (0 F ) = 5 o) ;% -0 F )]
(@) Ly — y(a) Lz = % {p(m) (z(x)ji - y(x);i;ﬂ L 0<e<l (3.12)

OTO PaBEHCTBO HA3BIBACTCHA TOXKIACCTBOM Jlarpanzxa.

[Tosnyaum omHO BakKHOE ciecTBUEe U3 TOXKjecTBa Jlarpam:xka. Ilyctb
y1(2), y2(x) — JUHEHHO HE3ABUCHMBIE DEINIeHHsI OJHOPOJHOTO YDaBHEHUS
Ly = 0, 1o ectb Ly; = Lys = 0. BanuceiBas g bysxuuii yq(x), yo ()
toxaectso Jlarpatmxa (3.12)), nomyaum

2 [p(x) <y1(x)(2yx2 - yg(m)?;ﬂ —0, 0<a<l (3.13)
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CrenoBaresibHO, JIJIs ONpeenTesss BpoHCKOro

Wy, yal(x) = y1(x)ys () — ya(2)y) (2)

cupasemiusa dopmyna p(z)Wlyr, yo](z) = ¢, 0 < x < I, rue ¢ — mocrosinuasi,
uim
Wy, pl(z) = —, 0<az<L (3.14)
p

3.1.4. ®opmyna I'puHa u ee ciecrBue

Nurerpupys Toxaecrso Jlarpanxka (3.12) or 0 no [, mosydnm
!

[ @)ty = yla)L2) s = plo) () @)~ y(0)2' ()

0

=l

=0

Dta dopmysia HaszbiBaeTcs dhopmysioit I'puna.
IMokazkeM, uro, eciu pyukuuu y(z) u z(z) yAOBIETBOPIOT OJHUM U TEM
ke KpaeBbiM ycaoBusM ([3.11]), To cupasemyinBo paBeHCTBO

l
/(z(ac)Ly —y(z)Lz)dz = 0. (3.16)

HeiictBurenpro, n3 dhopmysnsl ['puHa ciemyer, 9TO JOCTATOYHO JI0KA3aTh
PaBEHCTBO

p() (2(Dy' (1) — y()2' (1)) — p(0)(2(0)y'(0) — y(0)2'(0)) = 0.
ITokaxkem, aTo
2(0)y'(0) — y(0)2'(0) = 0. (3.17)
Ecim a7 = 0, o 31 # 0, y(0) = 0, 2(0) = 0, u BbInosIHeHO. [Ipn
a1 # 0 3amumIeM IrpaHUYHbIE YCIOBUS
a1y'(0) + A1y(0) =0,  a12"(0) + B12(0) = 0,

YMHOXKUM TIepBoe pasencTso Ha z(0), Bropoe — Ha y(0). Berauras mowienso
MOJIyY€HHbBIE PABEHCTBA, NMEEM

a1(2(0)y'(0) — y(0)2'(0)) = 0,
orkyza Beirekaer (3.17)). Anasorudno iokasbBaeTcs, 4TO
z(D)y'(1) — y()Z'(1) = 0.
Tem cambim pasencTso (3.16) mokazaHo.



60 I'mapa 3. Kpaesbre 3aa4n

3.2. ®ynknusa I'puna. CymniecTBoBaHUEe penieHUs
KpaeBoii 3aa4n

Paccmorpum xpaeByio 3amady

=g (o) sy = s, 0<e<l @)
a1y (0) + B1y(0) =0, (3.19)
gy’ (1) + Bay(l) = 0, (3.20)

rue p(z), q(x), f(x) — usBecrubie Gyuakuuu, a a1, PB1, ag, Sz — U3BECTHBIE
nocrosiHEble Takue, aro p(x) € CH0,1], p(z) > 0, z € [0,1], ¢(z), f(z) €
Cl0,1], a2 + 32 > 0,i=1,2.

Onpegenenve 3.2.1. Qynxyus y(x) Hasweaemes pewenuem kpaesoli
l

3adavu -, ecau y(x) € C?[0,1] u ydosaemeopsem -.

3.2.1. ®yuknusa I'puna

Bsenem dyuxrmmuio ['prna, koTopas majaee 6yaeT UCIOIb30BaHA s Pe-
meHust Kpaesoii 3ajaun (3.18))-(3.20)).
Onpepenenve 3.2.2. Oynxyus G(x,€) naswsaemcs dynrkyuet I'puna

xpaeceoli 3adayu - , ecau ona onpedenena 6 keadpame [0,1] x [0, ]
U YA0BACMEOPALT CACOYIOULUM YCAOGUAM:

1) ZTas mobozo & € (0,1) pynxuus G(x,£) deascdv nenpepuiero dudde-
peryupyema no nepemennot r wa muoscecmee [0,€) U (€,1] u ydosae-
MBOPAEM 00HOPOIHOMY YPABHEHUIO

d (p @ dG(z, €)

dz dx )_q(x)G(x7£):O: 0<z<l, x#£¢&

2) @ynruyus G(x,§) ydosaemsopsaem 00HOPOOHBIM KPAEEHIM YCAOBUAM TO
nepemerHot x:

a1G,(0,)+01G(0,£) =0, G (1,£)+p2G(1,€) =0, Ve (0,1).
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3) Qynxyua G(x,§) nenpepwena 6 xeadpame [0,1] x [0,1], a wacmmuan
npoussodnas G (x,£) npu x = £ umeem Koneurvie npedeavrbvie 3Ha-
YeHUA

Gm(f + 075) = zli»?}r() Gm(xag)v Gm(g - 075) = IEIEIIO Gm(xvf)a

C6A3aGHHbLE COOMHOWEHUEM

Go(€+0,6) — Cale—0,6) =

ek Ve € (0,1).

3.2.2. CyirecTBoBaHME U €QUHCTBEHHOCTh pyHKIU I'puHa

Teopema 3.2.1. Ecau odnopodnas xpaesas 3adaua
Lv =0, a1v'(0)+ B1v(0) =0, «av'(l)+ Bav(l) =0 (3.21)

uMeem MosbKo nyaesoe pewenue, mo dynrkuyus I'puna kpaesol 3adavwu

(5.18)- cywecmeyem u eOUHCMBEHHA.

[okasamesvemeo. Onpenennm byHKImO y1 (x) Kak pernenue 3agaau Komm
Ly1 =0, 0<z<l, 4(0)=—ai, 9(0)=7/,
a dbyHrmo Yo () Kak pemenue 3a1auu Ko
Ly =0, 0<z<l, yp()=—as y(l)=70.
Ouesnzno, uro dynxims y; () yroBreTsopsier KpaesoMy yciaosuio (3.19),
a yo2(x) KpaeBoMy YCJIOBUIO :
a191(0) + B1y1(0) =0,  azys(l) + Bay2(1) = 0. (3.22)

Oyuxnuu y1(x) u yo(x) IuHENHO HE3ABUCUMBI, TAK KAK B IPOTUBHOM CJIYYae
OJHOPOAHAA KpaeBas 3aJa4a uMesa Obl HeHyJIeBOe PEIIeHHUE.
Bynem nckats dyuknuio I'puHa B ciieayomeM Buie:

_J al@un(@), 0<z<¢,
Gl=8) = { 012(5);2(5”)7 <z <,

e ¢1(§) u co(€) memspecTHble byHKIME. 13 9TOr0 NpeICTaBICHAS CIIEJIYET,
uyro dhyskuua G(z, §) ynosiaerBopsier yesaoBusM 1) u 2) oupesenenus QyHK-
un ['puna. Beibepem ¢1(§) u c2(€) Tak, 9T00b! BBIIOJIHAIOCH U yCIOBHE 3).
U3 menpepsiBHocTr G(x,§) B TOUKe T = £ Cjleyer, 4To

c1(§y1(§) = c2(§)y2(8).
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U3 ycoBus paspbiBa npousBoauoit Gy (z,£) B Touke x = £ umeeM

1

c2(&)ya(&) — a1 (§yi(§) = Q)

Takum 06pa30oM, Mbl NOJIYUUJIM CUCTEMY JBYX YDABHEHHUI OTHOCHTEIHHO
Hen3BecTHBIX GyHKIWH ¢1(£) u c2(§). Pemus a1y cucremy, Haiiziem, 4To

y2(§) y1(§)
W()p(€)’ W(&)p(€)’

e W(E) = y1(§)yh(&) — y2(8)y1(€) — onpenemurens Bponckoro. Kak cite-

ayer uz opmynst (3.14), W(€)p(§) = go — n3secTHas nocrosinHas. B pe-
3yJIbTaTE OJIyYUM OKOHYATEJbHYIO opmyiy st dyuknuu ['puna

() = c2(§) =

n@R© o,
e 9o (3.23)
nln@ gy
90 7 o

Mpbr mokazasm cyriectBoBanune pyHkiuu ['puHa. /lokaxkem Temepn ee
€/IMHCTBEHHOCTD. [Ipennosnoxum, 4To cymectByoT ase Gynknun I'puna:
G(z,&) n G(x,€). lycrb & — npousBosibHasi GUKCUPOBAHHASI TOUKA U3 WH-
repsana (0,1). Pacemorpuy byrkimo z(z) = G(z, €) — G(x, €). Dra dynk-
@S HenpepbiBHa Ha orpeske [0, [] n mMeeT Ha HEM HENPEPBIBHYIO MPOU3BO/I-
Hy1o 2/ (2), mockonbKy Gu(z, &) 1 Gy(z, €) UMeIoT B ToUKe & = £ OJUH U TOT
’Ke pas3phlB. 3anuchiBad Jajee u3 ypasHenusa Lz = 0, z # £, BeIpakeHue

q(x)z(x) — p'(x)2 (x)
p()

"
2 (x) = )
ybexkiaeMcsl B HelTPephIBHOCTH BTOPOH TPOW3BOHOM pu x = & Girarogaps
PaBEHCTBY ee TIpeJieJbHbIX 3HadeHuil npu  — & + 0. Torna gyukmusa z(x)
ABJIIETCS PEIleHIeM YPaBHEHH TaKyKe U Ipa x = &,

Lz=0, 0<z<l,

u ynosiersopsier yciaosuam (3.19), (3.20]). Io yciaoBuio TeopeMbl omgaOpOI-
Hasl Kpaesas 3a71ada Ha orpeske [0, [] IMeeT TOJIbKO TPUBHAIBHOE DEIeHNE.
Iosromy z(z) = 0, a 3naunt G(z,£) = G(z,§), n Teopema JloKa3a-
Ha. O
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MNpumep 3.2.1. ITocmpoums dynryuwio I'puna 0rs kpaesoti 3adauu
y" () + a’y(z) = f(z), 0< <,
y(0) =0, y()=0,
edea#mnl~t,n=12....
BosbmeM yp (z) = sinaz, a yo(x) = sina(z — ). OueBnno, uto
y;/(x) + azyi(m) = Oa 1= ]-v 27 yl(o) = y2(l) =0.
Ilocrostuuast
g0 = p(x)W(2) = y1(2)y3(2) — y2(2)yi(z) = asinal.

Uz dopmyasr (3.23)) caemyer, uro mius namnuoit Kpaepoil 3amaun dyHKIM
I'puna pasmna

sinaz sina(§ — 1)

- ;o 0z <,
asin al
Gao(7,8) = (3.24)
sina sina(z — 1) f<r<l

asinal

3.2.3. Haxox/1eHne pelieHnsi HEOJHOPOHOI KpaeBoil 3agaum C
noMoItnbio dyHknumn I'puHa

okazkeM TeopeMy CyIIeCTBOBAHUS U €IMHCTBEHHOCTH PEIeHNsT KPaeBOi

zagaqn ((3.18)-(3.20).
Teopema 3.2.2. Ecau odnopodnas kpaesas 3adaua uUMeem MoNb-
K0 HY.AEE0€ PeweHUe, MO Pewerue Kpaesoti 3a0ayu - CYwWeCmey-

em, eduncmeento u 3adaemcs Gopmysot

1
o) = [ GO, 0<a <l (3.25)
0

Hoxazameavcmeo. Tlokaxkem, uro dyukuus y(x), oupenenseMas Gopmy-

soit (3.25)), siBastercst perenremM Kpaesoit 3amadn ((3.18))-(3.20).
13 dopmynst (3.23)) mia dyukuuu I'puna ciempyer, aro

T l
() yi(z)
) = 22 / O )+ / U (€)F(€)de. (3.26)
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Tlocne nuddepenupoBanust U NpUBEIEHNUS MOIOOHBIX CJIATAEMBIX ITOJTYda-

€M
T l

y(z) = y’gg(f) / () f( (3.27)
Berauciimm ’
jx(p( )ZD (111(917)112(913);/Oz(x)yl(x))P(l“)JC(:E)Jr
x l
1 d dyo 1d dy
+ 1 (22 0/ (@ + L (o)) [saie)siene

Tak xak Ly; = Ly =0, a (yl(x)y’z(x) — ya2(z)yy (m))p(x) = gy, TO

1= 52 (r0) 32 ) ~ aalyto) =
x l
_ gy o L2 Ly ~ t(x
= f(w)+ 2 0/ n(€)F(€)de + “2 / U (€)F(€)dE = f(x).

CuenmoBaresnbho, y(x) aBisiercs pemenuneM ypasuenus ((3.18)).
Y6eaumcs B BbINOJMHEHNN KpaeBbix yeiaosnit (3.19), (3.20). s dopmyn

(13.26)), (3.27) u (3.22)) crenyer, aro

l

a1y (0) + Biy(0) = 11 (0 Hﬁyl /y2 €)de = 0.
0

Anasnornano nposepsiercs ([3.20)).

JlokarkeM eIMHCTBEHHOCTD MOJIYYeHHOrO pelnenusd. 1lycTh uMeerca ere
onuo pemenne y(r) Kpaesoii 3ajadu —. Torja ux pasHOCTDH
v(z) = y(x) — y(z) Gyuer peieHneM 0JHOPOAHON KpaeBoil 3a1a4u Ha
orpeske [0,!] u 1o ycs0BHMIO TEOpEMBI paBHA HYIIO, TO ecThb y(z) — y(z) = 0,
u reopema [3.2.2] nokasana. O

3.2.4. O npumenennu ¢$pyHKuuu I'puHa B HeJIMHEHHBIX
nuddepeHInATbHBIX yPABHEHUSIX

[IpuBenem mpumep mpuMmeHeHust GyHKIuH ['puHa 711 10KA3aTEILCTBA
CyHIeCTBOBaHUA 1 € IMHCTBEHHOCTU PEIIeHUA KpaeBoﬁ 3a/1a49M JIJId HeJINHEN-
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HOTO UMD PEPEHITNATBHOTO YPABHEHUSI.
Paccymorpum xpaeByio 3amatdy

y"(x) + a’y(x) = F(z,y(z)), 0<z <], (3.28)

y(0) =y(l) = 0. (3.29)

Teopema 3.2.3. IIycmo dynxuyus F(x,y) onpedesena u nenpepuera
npu z € [0,1] uy € R u ydosaemeopsem ycaosuro JTunwuya no y:

|F($,y1)—F(l‘7y2)| <L|y1_y2|a Vz € [Ovl]a y1,y2 € R.
Ecau IL(a|sinal|)™! < 1, mo pewenue xpaesoti sadanu , cy-

wecmeyem u €0UHCMBEHHO.

Joxazameavcmeo. Ilycrs y(x) - pernenne kpaesoit 3amadan (3.28), (3.29)).
Beeaem dyukuuio f(z) = F(z,y(z)). Torna dyukuus y(x) asisiercs pe-
IeHueM KpaeBoil 3a1a4u

y'(x) + a’y(x) = f(z), 0<a<l,
y(0) =0, y()=0,

Oyuknus 'puna jyis pemenns 1oil 3anaun uMeer su (3.24). Ipumensis
dbyuknuo 'puna, mosyaum

l
y(z) = / Gl €)f(€)dE, 0<z <L,
0

YunreiBasg onpenesenne gyukuuu f(x), umeem

!
y(x) = / Gulz, ) F(E,y(©))dE, 0<z <. (3.30)
0

Takum 06pa3oM, MbI IOKA3aJIH, 9TO, ecyin MyHKIMs y(T) — pelieHre KpaeBoil
zagaan (3.28]), , TO OHa SIBJISIETCS PEIlleHHEeM MHTEIPaJbHOIO ypaBHe-
uust ((3.30)).

Cupaseymiso u obparuoe. [lycrs dynkims y(2) HellpepbIBHA HA OTPE3KE
[0,!] u siBJIsIeTCS PEllleHneM MHTErPajbHOIO yPaBHEHMsI . M3 dbopmyn
(13-24)), (3.30]) caenyer, uro dynkuus y(z) yaoBaerBopseT KPaeBbIM YCIOBU-

sim (3.29). dudbdepentupyst ypasuerne (3.30) npa pasa u noncrasusis y(z)
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u y”(x) B ypaBrenue (3.28), jerko ybemurhbest B ToM, 4T0 y(T) sIBISETCS
peHIeHI/IeM sTOrO0 ypasHenus. Cie0BaTebHO, HenpeprBHoe pellienne ypas-

HEeHUs SABJIIETCS peIleHneM KpaeBoit sazgaqn (13.28)), - Takum
06pa30M, MBI II0Ka3aJli, 4To Kpaesas 3ajada (3.28), 1-) SKBHUBAJICHTHA,

uHTEerpaabHoMy ypasaeruto ((3.30)).
Jokazkem cyrecTBoBanue pemennst ypapaenus ((3.30)), HerpepbIBHOIO Ha

orpeske [0,!]. Paccmorpum nocsenoBarenbHocTh dbyHkImii yo(x) = 0,

1
Yosi (2 / a2, OF (6, yn(©))dE, 0<a<l, n=0,12.... (331)
0

Bce dynknun y, () onpesenensl n HenpepbIBHBI Ha oTpeske [0, [].
ITokazkeM, 9TO CIIpaBeIJInBa, OEHKA

L

), 0<e<l, n=0,1,2,..., (3.32)
alsin al|

[Ynt1(z) —yn(z)| < M (

rae

M = max |y (x )|—max /G (x,§)F(&,0)de| .

o<zl

HeiictBuresnsro, npu n = 0 oxa BepHa. Ilycrs oHa BepHa mpu n = m — 1.
IMokazkem, 4T0 OHa crpaBeyuBa 1 Upu 1 = M. OUEHUM Y 41(X) — Ym (T)]-
Tak xak

|Ga(z,6)| < (alsinal])™!, 0<a, &<,
TO

l

(@) — ()] < / G, )€y (€)) — F(Es s (E))]dE <
0

L L "
S = m(§) — Ym—1(§)]dE < —— | Sz <l
al sin al| /ly (&) = ym-1(€)]dE < <a|smal|> Ose
0

CriefioBarenbHO, oneHka (3.32) mokazaHa 1Mo WHJLyKIUH.

Tak kax i
= (Wnlt) = yn-1(1)),

n=1
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TO PaBHOMEpHAsI CXOJUMOCTH IOCJIE0BATEIBHOCTH Yk (t) Ha orpeske [0,]
SKBHUBAJCHTHA PABHOMEPHON CXOIUMOCTH PSIIA

Z(yn(t) - yn—l(t))'

U3 onenkn U Ipu3HaKa Belieprirpacca CIefyer, 9ToO 3TOT P CXO-
muTcst pasHOMepHO Ha orpeske [0,1]. CrenosaTenbHo, MOCIEN0BATETHBHOCTD
dyukimit yi(x) Takzke cxopmrest papHOMepHO Ha orpeske [0, K HEKOTO-
poit dyrkunn y(z). Tak kak Bce dyHKIMn yi(t) HENpepsIBHbL, TO U Y(T)
HenpepbiBHa Ha orpeske [0,!]. Ilepexons B dbopmyie K IIpejiesly npu
N CTpeMsIneMcs K OeCKOHEYHOCTH, 1oJyduM, 910 dbyukims y(r) gpiser-
ca pemenneM ypasuenus (3.30). CiemosaTensno, OHA SBISETCS PENTEHTEM
kpaesoit sazaun (3.28), (3.29).

JloKazKeM eIMHCTBeHHOCTD perenns Kpaesoii 3aaqn ([3.28)), (3.29). dias
9TOr0 JIOCTATOYHO JI0Ka3aTh, 4To ypasnenue (3.30) mmeer ejmmcrsentnoe
HelpepbIBHOE perierne. [IPemooKuM, 9To 9T0 He TaK U CyIIECTBYIOT JIBE
HernpepbiBHble GyHKIUYU Y1 (2), Yo (), ABIMIOIUECH DENIEHUAME YPABHEHMsI

(3-30). Torma

l
i(z) - ya(x) = / G2, O)[F(6,11(6)) — F(E,1(€))]de, 0<a <L
0

Ucnonwsys ouenky st dyukuuu [puna G, (z,£), nomyaum

l
1 (2) — 1(2)] < / (G, )| LI (6)) — ya(6)]dE <
0

< Olg?)él |y1(l') — y2($)|, 0<z <l

U3 sToro HepaBeHCTBa BBITEKaeT uTo Y1 (x) = y2(x). Takum o6pasom, pere-
HUe KPaeBO 3aJ1a4i eJMHCTBEHHO U TeopeMa [3.2.3] nokasana. O

3.3. 3apgaua IIrypma-JInyBusis

PaccmoTprM kpaeByro 3amady

d dy
= — —_— — = — < < .
Ly=— <p(ff) dw) q(z)y = =Xy, 0<z <, (3.33)
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a1y’ (0) + B1y(0) =0, (3.34)
ooy’ (1) + B2y(l) =0, (3.35)

rae p(x), q(x) — usBectHble JelcTBUTEbHbIE DyHKIUU, (v, B1, 2, P —
U3BECTHbIE JIeiCTBUTEIbHBIE TIOCTOsHEbIE Takue, uto p(z) € C0,1], p(z) >
0, z € [0,1], q(z) € C[0,]], a? + 2 > 0, i = 1,2 u A\ — KOMILIGKCHBII
napamerp.

OweBuHO, YTO TpH JIOOOM 3HAYEHUU IapamMeTpa A KpaeBas 3ajada

(3-33)-(3.35) nmeer pemennue y(x) = 0.

Onpepenenve 3.3.1. Ecau das nexkomopozo Ay xpaesan sadava (3.33)-
umeem Hempusuasvhoe pewerue y1(r), mo Ay Hazwveaemcs cob-
cmeenHbim 3navenuem, a yi(r) cobemeennoti hynryued.

3ajiaua [MOMCKa COOCTBEHHBIX 3HAYEHUIT U CODCTBEHHBIX (DYHKIUI HA3bI-
Baercs 3amadeii [lIrypma-JInmysums.

O4eBuHO, YTO COOCTBEHHBIE (DYHKIUU OIPEIEJIEHBI C TOYHOCTHIO 10
[IPOU3BOJILHON MMOCTOAHHOM, a UMEHHO, ecyiu y(x) — cobcTBeHHas DYHKIU,
10 u cy(x), The ¢ — IPOM3BOJIbHAS OTIIMYHAL OT HyJisl [IOCTOSHHAS, SBJISIETCS
CcOOCTBEHHOI (DYHKITHEI.

3ajiaua pereHnsl ypaBHEHUsI pejcTaBiser coboil 3aady MMouc-
Ka COOCTBEHHBIX 3HAUYEHUI M COOCTBEHHBIX (DYHKIMIT nuddepeHITnabHOrO
omeparopa L. BaxkHo orMeruTh, 9T0 6€3 KpaeBbIX YCJIOBUI , (13.35)
oTa 3a7ada Geccmbicsienna. eiicrBuresnbho, ypasuenne Ly = —Ay(x) upu
JIIOO0OM A MMeeT HeTPUBHAJILHOE PeIleHne, MTOCKOJIbKY ITPH JI0OOM A\ OHO sIB-
JISIETCSI JIMHEHHBIM OTHOPOJIHBIM (D hepeHITUABLHBIM yPaBHEHHEM BTOPOIO
MTOPSIJIKA.

N3 kypca anareOpbl m3BECTHO, YTO COOCTBEHHBIE 3HAYEHUsT M COOCTBEH-
HbIE BEKTOPBI JEACTBUTENBLHON MATPHUIBI MOTYT OBITH KOMILIEKCHO3HATHBI-
mu. Tak u B cay4ae 3agaqu [IItypma-JInyBuiist, Boobie TOBOpst, BO3MOXK-
HO II0sIBJIEHE KOMILJIEKCHO3HAYHBIX COOCTBEHHBIX 3HAUYEHUN M COOCTBEHHBIX
dyuarmwmii. [To3TOMy MBI JI0JIKHBI PACCMATPUBATH KOMILIEKCHO3HAYHBIE 3HA~
YeHUS TapaMeTpa A U KOMILIEKCHO3HAYHBIE DEIIEHUsT 381890 —.

VYcTaHOBIM HEKOTOPBIE CBONCTBA COOCTBEHHBIX (DYHKITUI U COOCTBEHHBIX
suadennit 3aga4uu rypma-Jluysumiis.

Teopema 3.3.1. Bce cobemsennvie ynkuuy u cobcmseentvie 3HaUEeHUA
sadavu IlImypma-JIuysusris deticmsumenvtot.

Joxazameavcmeo. Ilycrs A\; — coberBennoe 3nadenue, a yi(x) — coorBeT-
CTByIOIas eMy coocTBeHHas PYHKIW. [IpeamosmoKuM, IT0 OHI KOMILJIEKC-
HOBHAYHBIE, TO ecTh A1 = a + b, y1(x) = u(zx) + iv(z). Tak Kax byHKIUA
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y1(x) siBnsiercst pemennem ypasaenus (3.33), ro Ly; = —Ay1(z). 3amnn-
CBIBasl 9TO PABEHCTBO OT/EIBHO JJIsl JEHCTBUTEIBHBIX U MHUMBIX 4YacTeil,
HOJLY IAM

Lu = —au(z) + bv(z), (3.36)
Lv = —bu(z) — av(x). (3.37)

Tak kak dbyHKIus y1 () yaosrersopsier KpaesbiM yeaobusiM (3.34), (3.35)),

ro u dyHkiwn u(z), v(z) yIOBIETBOPSIOT STUM KPAEBBIM YCIOBUSIM.

Yuuoxum ypasrenue (3.36]) Ha v(x), a ypasuenne (3.37)) ma u(x), npo-
UHTErpupyeM 3areM 06a ypasHeHust oT 0 70 | 1 BBIUTEM U3 IIEPBOIO BTOPOE.

B pesyssrare nosyunm

! !
/(v(x)Lu —u(x)Lv)dw = b/(uQ(az) +v*(z))dz.

IIpumensis ciencrue u3 dpopmyasl ['puna

!
/(v(x)Lu — u(z)Lv)dz =0, (3.38)
0

uMeeM l
b [ (u?(2) + v*(z))dz = 0.
/

CuetoBaresnbro, b = 0. 3HauuT \q JeHCTBUTEIHHO U Y1 (T) TaK)Ke JIeHCTBH-
TeJbHA. O

Teopema 3.3.2. Kaotcdomy cob6cmeeHHoMY 3HAMEHUIN COOMBEMCMEYEMm,
MOALKO 00HG COOCTNEEHHAA PYHKUUA.

Zloxaszamenvcmeo. 1lycTb cOOCTBEHHOMY 3HAYEHUIO A COOTBETCTBYIOT JIBE
cobereennble byHKIu y1(x), y2(x). DTO 3HAYNUT, UTO OHU SIBJISIIOTCS De-
[IEHUSIMU Y PABHEHUSI U YJIOBJIETBOPSIOT KPAEBBIM YCJIOBUSIM ,
(3.35)). 3 kpaeBoro ycmoBus cJIeJTyeT, 4TO OompeJiesuTe b Bpon-
ckoro Wiy, y2](0) = 0. Tak rak y1(z), y2(x) — pereHnss OHOrO U TO-
r'o Ke JINHEHHOrO OIHOPOIHOTrO JnddePEHITHAIBHOIO YPABHEHUS , TO
y2(z) = ey (). O
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Beeznem ckansproe npoussejenne dyukuuit v(x) u w(x)

!
= O/U(m)w x)dx

Byznem HazpiBaTh GyHKIMI 0(2) 1 w(x) 0PMO20HAALHbIMU, €CIT UX CKAJIAD-
HOe [IPOM3BeJIeHNe PABHO HYJIO, TO ecTh (v, w) = 0.

Teopema 3.3.3. Cobecmeenmvie Gynkyuu, coOMBEMCMBYIOULUE PA3AUY-
HOLM COBCTMBEHHBIM 3HAYEHUAM, ABAAOMCA OPMO2OHANLHUMU.

Hoxazameavemeso. Ilycrs A1 # Ao — pazinudnbie cOOCTBEHHBIE 3HAYEHUST, &
y1(2), y2(z) — coorBercTBytomuUe nM cobcTrennble dbyHKInu. Tak Kax y; (),

y2(x) ymosnersopsitor KpaeebiM ycsobusiM (3.34), (3.35)), To u3 caencreus
u3 opmysnl I'puna (3.16) moaydum, aro

!
(Lyr,y2) — (y1, Lye) = / )Ly —yi(x )Lyg)dx =0.
0

Tak kak Ly; = —A\y1(x) , Ly = —Aaya(x), 1O
(A = X)W1, y2) = My, y2) — Ae(yr,92) =
= (My1,92) — (Y1, Aay2) = —(Ly1,y2) + (y1, Ly2) = 0.

Caenoparesnbro, (A1 — A2)(y1,¥y2) = 0, a 3HauuT (y1,y2) = 0 u QysKIMU
y1(x), y2(x) OpTOrOHAIBHLL. O

Teopema 3.3.4. Ilycmv oy = as = 0. Tozda, ecau A — cobcmeenmnoe

SHG,’%@H’LL@, mo
> (I xX). :;39

Hoxazamesvcmeo. Tlpennonoxum, aro A1 — cobcTBeHHOE 3HAYeHue, Yi(T)
— COOTBETCTBYIOIIAs COOCTBEHHAsT (PYHKITUS U

Torna q(x) — Ay > 0 Ha orpeske [0,1]. I3 ypaBrenus (3.33)) caexyer, uro

% (p(x)ily;) = (=M1 +q(@))y1(2).
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WNurerpupys ot 0 10 =, mojryaum
P (@) = PO O + [(as) = Mm(slds. (340
0

Tax kax y;(r) yaosnersopser kpaespiM yciopuam (3.34), (3.35) u a3 =
az =0, 1o y1(0) = y1(I) = 0. Tak xak y; () — Henynesoe pemenue (3.33), To
y1(0) # 0. Iycrs ans onpenenernoctn ¥ (0) > 0. Torma vy (x) > 0 npu x €
[0,1]. Ipeanonoxkum, 9To 310 He Tak. OBO3HAYUM YEpe3 T( MUHUMAJIHLHOE
qucIto, npu KoropoM ¥ (zg) = 0. Torna s x € [0, xg) npousBogHast ¥ (x) >
0, a suaunt u yi(x) > 0 upu = € (0,z¢). [onoxus B T =1x9m
YUUTBIBas IOJOKUTEIBHOCTE ¢(x) — A1, mouydnm, dro yj(zg) > 0. Dro
[POTHBOPEYNE JIOKA3BIBAET NOJIOKUTENBLHOCTD Y (z) upu z € [0,1]. Ho Torna
y1(z) > 0 upu x € (0,!], aro nporuBopeunT kpaesomy ycsosuto yi(l) = 0.
CiretoBaTeIbHO, UCXOIHOE MPEJIIIOJI0KEHNE HEBEPHO U HEPABEHCTBO
IOKa3aHo. O

PaccmoTrpum mpocroit pumep 3amaqu [Itypma-Jluysuiis.
Mpumep 3.3.1. ITycmo p(z) =1, q(z) =0, oy = a2 =0, | = w. Toada
sadaua [IImypma-JTuysuara npuobpemaem caedyrowut 6ud

y'(x)+My(x) =0, 0<z<m, (3.41)

y(0) = y(m) = 0. (3.42)
Tpebyemea natimu cobcmeennvie 3Ha4eHuA U cobcmeentbvle GYHKUULY Mot

3adayu.

ITycts A = —p menbme myisa. Torma obmee pemtenue ypasuenus ((3.41))
nMeeT BUJ

y(z) = c1 exp{y/px} + co exp{—\/px}.

Honoxus ¢ = 0, x = | n ucnonb3oBaB Kpaessle ycuaosust (3.42), momyanm
CHCTEMY yPaBHEHUil 1JIsl OLPEeIeIeHus 1 U Co

c1+co =0,
crexp{y/um} + coexp{—\/um} =0,

3 KOTOPOi#i ciemyeT, 910 ¢1 = ¢g = (. Takum 0bpa3zom oTpuriaTesbHbEe \ He
SIBJISIIOTCST COOCTBEHHBIMU 3HadYeHusiMU. OTMeTHM, 9T0 5TOT (HaKT cjreyer
U3 TEOPEMBI Jlerko BuzmeTh, uTo A = 0 Tak>Ke He HABJISAETCA COOCTBEH-
HBIM 3HAQYEHUEM.
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[Tycts A\ Gosbine mysns. Torga obmiee pemenune ypasaenus (3.41) mmeer
BUJL

y(z) = ¢1 sin VAz + ¢ cos V Az

N3 kpaeBoro ycioBus B Hyse ciemyer, uto ¢ = (. Torma m3 KpaeBoro
YCJIOBUSI B T TOJIYYUM ypaBHEHHE JJIsi OIPEJIe/IeHUsI COOCTBEHHBIX 3HAYe-
auit sin VAm = 0. Ero pemmennsiMu siBISIIOTCST COBCTBEHHBIC 3HAUCHHST

Ap=n% n=12

g Ly oo

CooTBeTcTByIOINE UM COOCTBEHHBIE (DYHKITII
yn(x) = csinna,

rge ¢ — IpOU3BOJIbHaA OT/IMIHadA OT HYJIA IIOCTOAHHAA.

3.3.1. Teopema CrekJjioBa

Cdopmynupyem  TeopeMy, MOAYEPKUBAOILYI0 BAaXXKHOCTb  3aJadd
M rypma-JIuysumis.

Paccmorpum cobcrennnie dyukimu 3aaa4qn Hrypma-JIny s —
. MoKHO TOKa3aTh, 9TO uX cueTHoe uncio. CieloBaTesbHO BCE UX
MOXKHO 3aHYyMEPOBAaTh Yn(2), n =1,2,.... UT06BI yCTPAHUTH HEOIIpE/IeJIeH-
HOCTb, CBSI3aHHYIO C TE€M, YTO OHU COJEPYKAT MPOU3BOJBHBIA COMHOKUTE]T,

OyaeM CYUTaTh, ITO
l

Jnt)2ds=1.

Hycrs f(x) mekoropas nenpepbisaas Ha [0, 1] dyukius. Beemgem oboznade-

Hue
l

fn: f(x)yn(x)dx, n:1,2,....
/

Cdopmyupyem Teopemy, IMEONTy 0 BayKHOe 3HAYEHNEe BO MHOIHX 00JIACTSIX
MaTeMaTUKHN U €€ IPUJIOZKEHMUII.

Teopema 3.3.5. (Teopema Cmexaosa) Ecau f(z) € C?[0,1] u ydosae-
MBOPAEMN, KPALEHIM YCAOBUAM , (3:35), mo pao

> fan(x)
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cxodumes pasnomepro na ompesxe [0,1] x dynxyuu f(x), mo ecmo

F@) =" fagn(x), 0<z <L
n=1
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haBa 4

VpaBHEHNSs1 B 4HaCTHbIX NPOU3BOAHbIX
nepBoro nopsigka

4.1. IlepBble MHTErpaJibi HOPMAaJbHOI CHUCTEMBbI

4.1.1. Omnpenesienue 1IepBOro MHTErpaJa

PaccmoTpum HOpMasbiyio cuctemy auddepeHInaaIbHbIX ypaBHeHTH 1~
r'0 TOPSIJIKA

dll(t)
dt :fl(tazl(t)v"'axn(t))’
(4.1)
dxn(t) _
dt = fa(t,21(1), ... 2 (1)),

ryie bynxuun f;(t,T) aBagioTcs HenpepblBHLIMEI B obacti D € R™F! pme-
CTe CO BCeMH YacTHBIME mpousBogubiMu Jf;(t,T)/0z;, 1,5 =1,...,n.

O6osraumM wepes C1(D;) MHONKecTBO HempepbiBHO juddepennupye-
MbIX B D7 dyHKIWMIA.

Onpegenenne 4.1.1. Ilepsvim unmezpaiom cucmemst 6 obaacmu
D1 nasvieaemesa gynxyua v(t, 1, ..., x,) € CH(D1), coxpanarowan nocmo-
AnHoe 3HaveHue 600Ab kaxncdoli aeorcaweti 6 D1 unmeepasvroti kKpusot cu-

CMembl .

Taxum o6pazom, st Kaxoro pemenus T(t) = (x1(t),. .., z,(t)) cucre-
Mol (4.1) Hafinercst koHcranTa C Takast, 9TO

v(t,z1(t),. ..,z (1)) = C. (4.2)

B ¢dwusnvecknx MOJESX TEPBble MHTErPAJIBI BO3HUKAIOT KAK OTPAYKEHUsI
PA3IMYIHBIX 3aKOHOB COXPAHEHUs! (SHEPIUH, UMITYJIbCA U T.JL.).
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4.1.2. IIpou3BoaHas MEPBOTO UHTETPAJIA B CUJIy CUCTEMbI

Ja M onpe iesieHie TPOU3BOIHOM B CHILY CHCTEMBI Jist OOIIEro Crydast
HOpMaJIbHOIT cucrembr ((4.1).

Onpegenenve 4.1.2. IIpouseodnoti dyrxyuu v(t,x1,. .., 2,) € C1(Dy)
8 CUAY CUCMeMbL HA3BLEACTNCSA PYHKUUA

dv

C Ou(t,T) | = Ou(t,T)
= = +

c’)t =1 an

fi(t.T), (t,T)€ D.

Nemma 4.1.1. Qynxyus v(t,z1,...,2,) € CY(Dy) asasemea nepevim
UHMELPAAOM CUCTNEMDL 6 obaacmu D1 mozda u moavko moeada, ko020
ee NPou3sodHaAA 6 CUNY CUCTIEMbL pasna nyao 6 D :

d
Y —0, Y(t,7) e D (4.3)
dt

Joxasamenvcmeo. Ilycrs dbynxuus v(t, xy,...,2,) € CY(D;) asnserca

nepBbiM uHTerpasiom cucremsl (4.1) B obmacru D;. Torma na mexarueii B
D1 unrerpasbuoii kKpusoii (t,Z(t)), rae T(t) — pemenue (4.1), cupasemu-

Bo pasecTBo (4.2)). duddepentupys (4.2]) mounenso mo ¢t u mojcrasisis
BBIpasKeHUs JJIsl IPpOU3BONHLIX dx;(t)/dt n3 (4.1]), nmeem

0=

I, T(t) | ~= Ov(t,T(t) dz;(t)

j=1

v, Z() | = Ov(t,Z(1))
ot +Z

j=1

Takum 06pa3oM, TPOU3BOIHAS B CUTY CHCTEMBI PaBHA HYJIIO BJIOJb UH-
rerpajibHoii Kpusoil. Tak Kak uepes J00yi0 TouKy (to, To) € D1 10 Teopeme
CYIIECTBOBAHUS W €JIMHCTBEHHOCTH DEINeHus 3aa4uu Komm Jijig HopMaJIb-
HOIl CHCTEeMBbI C HaYAJIbHBIM yCJIOBUEM Z(tp) = T IPOXOJUT €JMHCTBEH-
Hasl MHTErpaJbHasi KPUBas, TO BBITIOJTHEHO 15T JTI000i# Toukn Di.
O6paTHo, TycTh 1A HekoTopoit dbynkmmn v(t, z1,...,7,) € C*(Dy)
cupaseymeo ([4.3). B wacrocT, OyJleT BBLIIIOJIHEHO M Ha JII0OOH MH-



76 I'mapa 4. YpaBHeHHsT B 4aCTHBIX IPOU3BOIHBIX IIEPBOTO MOPSIIKA

TerpaiabHOl KpuBoii (t,T(t)) € D;. Torma

0= o(t,T(t)) N z”: o(t,T(t))

- 5o, 170 =

Jj=1

- o)

J=1

IpousBonnast HenpepwiBHO auddepenimpyemoit dbyuxkuun v (¢, T(t)) cka-
JISPHOTO apryMeHTa ¢ paBHA HYJIIO TOJBKO KOTJa (DyHKIIUS ABJSETCS KOH-
cranToii, T0 ecth v(t, T(t)) = C. Ilosromy v(t, T) — HepBBLi HHTErPaJI CUCTE-

MBI . O

4.1.3. TeomeTpuveckuii CMBICJI MEPBOTO0 MHTErpajia

[ycrs dbynxmus v(t, x1,...,2,) € C1(D)) aBasgercs mepBLIM WHTErpa-
JIOM CHCTEMBI B obsactu Dq, Cy — j060e 3HaYeHUE, KOTOPOE 3Ta
dyukims npuanmaer B Dy, u mis #Hekoroporo j € {1,...,n} mpoussoi-
Has Ov(t,T)/0z; # 0 B D;. IokaskeM, uro ypasuenue v(t, z1,...,0,) = Cp
onpenensger B R"T! n-MepHYIO IOBEpXHOCTD, IIEJHKOM COCTOSILYIO U3 HH-
TerpajbHbIX KPUBLIX CHCTEMbI . Iycrs Touka (to,Tog) € D1 Jexur Ha
[TOBEPXHOCTHU

’U(t,f) = Cy,

10 ecthb v(tg,To) = Cp. B cuity Teopembl CyIIECTBOBAHUSA U €IUHCTBEHHO-
CTH pemieHust 3a1a49u Komm Jjis CHCTEeMBI ¢ HAYAJBHBIM YCJIOBUEM
T(tg) = Tp CylIecTBYeT eAMHCTBEHHAs UHTerpaJjbHas Kpusag (¢, T(t)), upo-
XoJgmas yepe3 Touky (tg, To). Tak Kak v(t,T) — HepBBIil UHTErPAJ, TO Ha
paccMaTpuBaeMO MHTErpaJibHOM KPUBOU CIIpaBEe/JIMBbl PABEHCTBA

u(t,7(t)) = v(to, T(to)) = v(to, To) = Co,

[OKa3bIBAIOIINE, YTO IPU BCEX JOMYCTUMBIX ¢ # o MHTerpajbHas KpuBas
ocTaercst Ha noBepxuocTH v(t, T) = Cp.

4.1.4. HezaBucumblie mepBble NHTETPAJIbI

IMycrs v1(t,T), ..., vk(t,T) — uepsble unTerpassl cucremsl (4.1). Torma
Jutst Jroboit HerpepbisHO uddepertmpyemoit B RF dyrkmmm ¢(y1, - . ., yi)
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CYTEPIO3UIUS
‘b(ta f) = W(Ul(taf), EEEE) Uk(ta f))
TaKKe ABJIeTCs MepBhIM uHTerpajaoM cucrembl (4.1)).

Onpepenenve 4.1.3. Ilepsvie unmeepasvs v1(t,T),...,vx(t,T) cucme-
ML HA3BIBAIOMCA PYHKUUOHAADBHO HEZABUCUMDBIMU 6 06AGCTNU
D1, ecau pane mampuys, npouscoonsir pasen koauuecmey dymnruyut k:

rang (81}18(;73:)) =k, VY(t,T)€ D;.
J

BaknocTh DYHKITMOHATHHO HE3aBUCHMBIX HHTETDAJIOB JJIs PEIIeHUsT
HOpPMAaJIbHOHM CHUCTEMBI IIPOACHSET CJledylolas TeopeMa.

Teopema 4.1.1. [Iycmwv 6 obaacmu Dy cywecmeyem n GyHkuuonais-

HO HE3ABUCUMBIT NePEbiT uhmezparos v1(t,T), ..., v, (t,T) cucmemo .
Tozda dna mobol mowky (to,To) € D1 pewenue T(t) = (z1(t),...,xn(t))
3adavu Kowu

dxy, (t)

22— et (), wa®), R =1on, Bt =To  (44)

00HO3HA™HO onpeﬁenﬂemc.ﬂ Kax HEABHAA gﬁynnuuﬂ U3 CuUCmembsl ypaenemui

v1(t, @) = Y,
(4.5)

'Un(tvi) = C?p
20e c? =v;(to,Zo0), j=1,...,n.

Joxasamenvcmeso. Paccmorpum cucremy ypaBHEHHI B OKPECTHOCTH
Touku (to,Tp). B camoil TouKe ypaBHEHHs OUEBUIHO YJIOBJICTBODSIOTCH,
npudeM B cuity byHKIMOHAIBHON HE3aBUCUMOCTH [IEPBBIX HHTEIPAJIOB (CM.
olIpe/ieJIeHne npu k = n) aKoOHaH 10 IIePEeMEHHBIM (1, . . . , Ty) OTIIH-

YCH OT HYJIA:
o (257) 4
aSCj

Toryia 110 TeopeMme 0 HestBHBIX DYHKIHUAX (CM. TEOpeMy B JIOIIOJIHEHNN )
B HEKOTOPOil OKPECTHOCTU TOYKH f( CYIIECTBYIOT HENpepbiBHO Juddepe-

nupyemblie (byHKIIAN

xj(t):gj(tac?a"'7c%)a j:17"'7n
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rTakue, 9To npu nojcraHoske G(t) = (g1(t),...,gn(t)) B (4.5) nomyuaercs
TOXKJIECTBO:

: (4.6)
o (t,7(8)) = <.

[Mycts Z(t) — pemenne 3amaun Komm (4.4)). ITo onpemesenuio mepBbix
HMHTETPAJIOB IMEEM

’l}j(t,f(t)) = Uj(fo,f(t())) = Uj(lf(),fo) = 027 j=1...,n.

Takum 06pazom, T(t) yaoBaeTBOpgeT TOI ke caMoil cucreme (DyHKINOHAIb-
ubix ypasuennii (4.6)), yro u g(t). B cuiy eauucrBeHHOCTH HEsIBHON (DYHK-
MK B OKPECTHOCTH o HaiizeHuble dbyHKIMU coBuagaor: T(t) = g(t). O

Nnmeer MecTO crefyioniee yTBEpKJICHIE, KOTOPOE Mbl IIPUBOJIUM 0e3 J10-
Ka3aTeJIbCTBA.

Teopema 4.1.2. B cayuae a8moHomMHotl cucmemvt , mo ecmbv

.fj:fj(j)a jzlv"'7n7

6 oxpecmmuocmu 210601 MoK To, 0L KOMOPOTE
n
2 /—
Jj=1

cywecmeyem posro (n—1) ne codeporcawgux nepemennyio t GyHKUUOHAALHO
HE3ABUCUMDIT NEPELIT UHME2PANOE CUCTNEMDL .

4.2. YpaBHeHUs B YaCTHBIX IMPOU3BOJAHBIX IIEPBOrO IO-
paaKa

4.2.1. Knaccudukaiiusi guddpepeHInaaIbHbIX ypaBHEHUH
B YACTHBIX IIPOU3BOAHBIX IIEPBOTO IOPSIKA

IMycrs u(z) = w(z1,. .., x,) — dysknus or T = (z1,...,2,) € Do, Doy —
obsacte B R™. YpaBuenue

ou au):O

F(xl,...,mn,u,aixl,...7£
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Ha3biBaeTCs AuddepeHnna bHbBIM yPABHEHNEM B YACTHBIX TPOW3BOIHBIX
[epBOro MOpsJKa, ecan 3agannas Gyukuusa F(zy, ... Ty, u,p1,...,Pn) Cy-
MIECTBEHHO 3aBUCHUT OT IIOCJIEHUX 7 apI'yMEHTOB.

Huddepernuaabaoe ypaBHEHNE B YaCTHBIX ITPOU3BOIHBIX IIEPBOTO ITIO-
PA/IKa Ha3bIBaeTCA K6a3UAUHETHILM, €CJIT B 3TO YPaBHEHHUE YacTHBIE IIPOU3-
BOJIHBIE BXOJAT JIMHEHHO, TO €CTh

Zaj(xl, .. ,xn,u(x))agg =b(z1,. .., 20, u(T)),

rae dyskimu a;(T,u) = a;(z1, ..., %o, u), b(T,u) = b(z1,..., Ty, u) canra-
10TCst 38JAHHBIMHE HA HEKOTOPOM MHOZKECTBe D; C R*! npuuem Bcromy B

D, BBInIONHEHO yCIOBHE Z 2T, u) # 0.
j=1
Juddepennuaibioe ypaBHEHIE B 9aCTHBIX MTPOU3BOIHBIX [IEPBOrO II0-
pPsIKa HA3BIBACTCA AUHEUHDBILM 00HOPOOHDBIM, €CTIA KOIPPUIMEHTH ITOr0
yPaBHEHHUS HE 3aBHCAT OT U, & IPaBad 9acThb PABHA HYJIIO:

z:: 8xj =0,

rae dyskunn a;(Z) 3amaHbl Ha HeKOTopOM muO)kectBe Dy C R™, mputiem
BCIOZy B D( BBIIOJIHEHO yCJIOBHE Z a? (Z) # 0. OueBrHO, YITO JIMHEHHOE
/—1

OJTHOPO/THOE YPaBHEHHE B YACTHBIX ITPOU3BOJHBIX BJISE€TCS YACTHBIM CJIy-
YaeM KBa3WJINHEITHOTO ypaBHEHHUS.

Onpepenenve 4.2.1. Qynxuyus u(T) Ha3bi6aEMCA PEUWEHUEM KEA3UNU-
HETHO020 YPABHEHUA 8 YACTIVHBLT NPOUBOIHBIT NEPBO20 NOPAJKA 8 00AaCMU
Dy CR™, ecau

1. u(T) nenpepriero duddepenvyupyema 6 Dy (mo ecmov u(Z) € C1(Dy));
2. das n06020 T € Do mouwka (T,u(T)) € Dy;

3. npu nodcmanosxe Pynruuu u(T) 6 0be wacmu K8a3usuHelno2o ypas-
HEHUA NOAYHAEMCA Mmodicdecmeo 6 obaacmu Dy .



80 I'mapa 4. YpaBHeHHsT B 4aCTHBIX IPOU3BOIHBIX IIEPBOTO MOPSIIKA

4.2.2. JIuneiinbie ogHOpoaHbIe JuddepeHnnaibHble yPaBHEHUS B
YacCTHBIX IIPOU3BOJAHBIX IIEPBOro HMOpsigKa

Paccmorpum suneitHOe onHOpoHOE nuddepeHinanbHoe YpaBHEHUE B
YaCTHBIX [TPOM3BOJIHBIX MEPBOTO MOpsiaKa B obyiactu Dy C R™

. Ou . Ou . Ou B
al(@fﬁ"’@(@@"’""#%(@@—07 (4.7)
a;(@) € C' (Do), j=1,...,n, Y d(T)#0, VI € Dy. (4.8)

Jj=1

Io koadunuentam ypasuenus (4.7) mocrpoum cucreMy OOBIKHOBEHHBIX
muddepeHITnaIbHBIX yPABHEHUI N-T0 MOPIIKA
dml(t)
dt

= al(xl(t), e (En(t)),
(4.9)

dxn(t) _
dt = an(z1(t), ..., zn(t)).

Onpepenenne 4.2.2. PewenuaZ(t) = (x1(t),...,zn(t)) cucmemes {{.9)
onpedeasrom gaszosvie Kpusvie 6 npocmparncmee R™, Komopvle Ha3ueaomcs
XapaKTepPUCTHKAMI YPAGHEHUA 6 “aACTHHT Npouseodnux (4. 7).

Caa3b cucremsr (4.9) u ypasuenus (4.7) nposicHsieTcst B ciieryronieii jem-
Me.

Nemma 4.2.1. Oynxyus u(T) € CH(Dy) acasemes pewenuem Aunetino-
20 00HOPOOH020 YPAGHEHUS 8 HACTNVHOIL NPOU3EOOHDIL moz2da U MoAvKo
moada, kozda u(T) sasasemes ne codeparcausum t NEPELIM UHMELDAAOM CU-
cmembl (@ 6 oonacmu Dy.

Hokasamesvemeo. Ilycrs u(T) siBisieTCsl He CONEPIKAIMM ¢ IEPBBIM HHTE-

rpanoMm cucreMsl (4.9) B obractu Dy. Torma nmo jemme 0 cBoiicTBax
)

MIEpBOTO WHTETPAJIa €ro MPOU3BOIHAS B CHIY CHUCTEMBI (| paBHa HYJIIO B
obnactu Dy:

du
dt

= Maj(f) =0, VZe€ Dyg.
= 0w

Tosromy u(T) — pereHne ypaBHEHHs B YaCTHBIX NIPOU3BOIHBIX (4.7]).
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O6paTHo nycrb u(T) — pelleHne ypaBHeHUs] B YACTHBIX TPOU3BOIHBIX
. Torna ero jeBast YacTh IpeCTaBIAeT COOOI BhIpAYKEHUE JIJIsl IIPOU3-
BOJHOM u(T) B CHJLY CUCTEMbI , U 9TO BBIPAYKEHUE PABHO HYJIIO B 00JIaCTH
Dy. CornacHo Jjlemme OTCIOJIA 3AKJIIOYAEM, 4TO U(T) SBJISIETCH EPBbIM
MHTErPAJIOM B obstactu Dy. O

Teopema 4.2.1. [lycmv 6 obaacmu Dy cucmema @ umeem pPoGHO
n—1 ne codeporcarwux t PyHKYUOHAADHO HE3ABUCUMDLT NEPEBLT UHMELPANOE

v (T1, .5 Tn), V(X1 Tn)y ey Upo1 (Tl ..., Ty).

Tozda 6 rexomopoti oxpecmmocmu npoussoavroti mouxu Mo(z9,...,20) €

Dy obuiee pewerue AuHetino020 00HOPOOH020 YPABHEHUA 6 YACTIVHHLT NPOU3-
600HDLT umeem 6ud

w(T) = F(v1(Z), v2(T), . .., vn-1(T)), (4.10)

2de F(Y1,.-.,Yn—1) — NPOU3BOAOHAA HENPEPLIEHO OUPPEPEHUUDYEMAs
PYHKUUSA.

Joxazamesvemeo. Ecan v;(Z) — mepBble HHTETPAIbl CHCTEMBL , J
1,...,n — 1, To mas m000#f HempepbiBHO anddepeHnpyeMoit GyHKImn
F(y1,...,Yn—1) bynkuus u(T), oupenenennas dopmymoii (4.10), Taxke sis-
JISIeTCs1 TIepBBIM MHTErpasioM, He 3asucsium ot t. Tora o memme [£.2.1] ()
— pellleHne JIMHEHHOTO OJHOPOJHOTO YPABHEHHS B YACTHBLIX ITPOU3BOIHDBIX
D).

VYoemumces, uro dopmysoit (4.10) omnmchiBalOTCH BCE pENIEHUs JIH-
HeilHOro ozHOpoxHOro ypasHenus (4.7) B oOKpecTHOCTH KaxKIO# TOYKH
Mo(29,...,2%) € Dy. Iycrs u(T) — mpousBosibHOE (DUKCHPOBAHHOE PelleHne
yPaBHEHUS . Tak Kak byHKIMYU v1(T), . . ., Vp—1(T) ABISIOTCS IE€PBbI-
vu unrerpatamu cucremsl (L.9), To coracho nenme 3Tn PyHKIANA
SIBJISTIIOTCST PEMIEHNSIMI YDABHEHUS . Takum obpazom,

Zaj(f)aauif_) =0,

Zaj 81}1( ) :07
Oz Vz € Dy. (4.11)
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B cuny ycnosus B KaxKJoil Touke T € Dy cucrema IIpEICTaBIIs-
eT coboii UMEIOIIYI0 HeTPUBUAJILHOE pemenue aq(T), . . . , 4, (T) OIHOPOAHYIO
cruCcTeMy JIMHEHHBIX aJredpamdecKux ypasuennii. Torma ompenenTesnsb 9Toi
CHCTEMBI, TIPEJICTABJISIONINI OO0t ompeaenTe/ b QyHKITMOHATHLHON MaTpH-
IIbI, paBeH HYJII0

D(u,v1,...,05—
(717 7711):07 VEGD().
D(zy,x2,...,2n)
IIpu sroMm B cruity QYHKIMOHAIBHON HE3aBUCUMOCTH V1 (T), ..., Vp—1(T) cO-

OTBETCTBYIONIMIF MUHOD opsaKa (n—1) ormven or myssa. Torua o Teopeme
0 PYHKITMOHAJIBHBIX MATPHUIAX B OKPECTHOCTH Kaxk10it Touku M, Haiimercs
HerpepbiBHO nuddepennupyemas dyukmus F(yi, ..., Yp—1) Takas, 9ro B
okpectHocTu M cupapemmmBo paBeHcTBO (4.10)). O]

4.2.3. KBazuiuHeiinble ypaBHEHUS B YaCTHBIX HPOU3BO/IHBIX
IIepBOro nopsijka

PaccMmoTpuM KBasuiinHeliHOe ypaBHEHHE B YACTHBIX IIPOM3BOIHBIX IIEp-
BOro mopsiyika B obactu D C R7+1

P P
al(f,u(f))a—xul + az(f,u(f))a—xt ...

ou

ot an(@u() g -

=b(Z,u(x)), (4.12)
a;(T,u), b(T,u) € CY(D), j=1,...,n,
Za?(f, u) #0, Y(T,u) € D.

ITo koadpdurmentam u papoit yactu ypasaenus (4.12)) mocrpouM cucremy
OOBIKHOBEHHBIX JinddepeHuanbHbIX ypasHenuii (n + 1)-ro mopsiaxa.

d.’ﬂl

E = ax (f7 U),
dr, (4.13)
W - an(xvu)7

du _

i b(T, u)
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Onpegenenne 4.2.3. Pewenus (x1(t), ..., 2n(t), u(t)) cucmemu
onpedeasrom gasosvie kpusvie 6 npocmpancmee R xomopwie naswviea-
10MCA TAPAKMEPUCTIUKAMU YPABHEHUA 6 “ACHHIT NPouseodnu ([4.12).

Ces13b TIepBbIX HHTerpasos cucremb! (4.13]) n kBaswInHetHOTO ypaBHe-
Hus (4.12)) mposicusieTcs B ciie/ryromieit TeopeMe.
Teopema 4.2.2. [Tycmov v(T,u) — ne codeporcawuti t nepewvill unmezpan

cucmemvt (4.15) 6 obaacmu D, u 6 nexomopoti mouxe No(z9,...,2% u%) €
D svinoarenst ycaosus

dv(No)

’U(N()) = CO, T

£0. (4.14)

Tozda 6 nexomopoti oxpecmmnocmu mouku Ny ypasrenue
v(x1, ..., Tpyu) = Cy (4.15)

onpedeasem nHeasHyro Gyrkuuto u = u(x1, ..., Ty ), ABAAOWYIOCA DEUECHUECM
KBA3UNUHETHO20 YPABHEHUA .

Hokasamesvemeso. Ilycrs v(T, u) ABAseTcs He CoAep:KaMUM ¢ EPBBIM HH-
rerpaiom cucrembl (4.13). Torga mo jemme |4.1.1| o cBoiicTBax 1epsoro ux-
TerpaJia ero mpomssogHas B cuiry cucreMsl (4.13) paBHa Hysmo B obsacTn

D:

dv = Z G0 u)a (T, u) + (@, u) b(Z,u) =0,
dt ox; 0
= 9 “
V(zZ,u) € D. (4.16)

st byukimonanbaoro ypasaenus (4.15) B cumy (4.14) mo Teopeme o Hesi-
Hoit byHKIMHU cymecTByeT okpectHocTh Toukn Mo(zY,. .., 20), B KoTOpOIt

olpe/jiesieHa HenpepblBHO auddepentupyeMast GyHkius u = u(xy, ..., Ty,),
obparaommas ypasuenue (4.15) B ToxK71ecTBO B 9TOI OKPECTHOCTH:

V(X1 .oy Ty (1, ..o 2,)) = Co.

TIo dopmyne muddepennupoBanust HeABHONU QYHKIUN TMEEM

ov ov  Ou

A S
oz ou Oz’ J et
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TTocse mogcranoBKy TUX paBeHcTs B (4.16) n nenenust vHa Jv/du # 0 npu-
XOJIUM K DABEHCTBY

Za] 7, u( ))(;9;‘] b(Z, u(z))

B paccMmarpuBaeMoit okpectHoctr Touku M. To ects u(T) — perenune kBa-
3WJIMHEHHOTO YPaBHEHUsI B YaCTHBIX TPOU3BOIHBIX (4.12f). O

CucreMa XapaKTEPUCTUK KBa3WINHEHHOIO ypaBHEHHsI B YACTHBIX IIPO-
uzBoiubIx (4.13]) umeer nopsizok (n + 1). ITosromy, corsiacuo Teopeme
0 TIEPBBIX MHTErpajax aBTOHOMHOI CHCTEMbI, B OKPECTHOCTH KaXKJIOH TOUKH
obactu D cymecTByeT POBHO M HE COAEPKAIMX ¢ (QYHKIMOHAILHO HE3a-
BUCHMBIX [EPBBIX HHTErPAJIOB

v1(Z,u), ..., vu(T,u).

Torma nyist s1r060it HenpepbiBaO aud depenupyemoii dysxwu F(y1, ..., Yp)
CYTIEPIIO3UIIAS

w(Z,u) = F(v1(Z,u),...,0,(T,u))

TaKXKe SIBJISIeTC IIEePBBIM HHTErPAJIOM cucTeMbl xapakrepuctuk (4.13). B
CHUJIy TEOPEMBI upu BbIIOJIHEHUU yesoBust Ow/0u # 0 nessHas GyHK-
s u(T), nossydeHHas u3 (PyHKIUOHAILHOIO YPABHEHUS

F(v1(Z,u),...,0.(T,u)) =0, (4.17)

TaK2Ke ABJISACTCHA pellleHrueM KBa3UJINHEITHOIO YpaBHEHHUS B 9aCTHBIX IIPOU3-
Boaubix (4.12)). MoxHo nokasars, 1ro dopmyiia 3aaeT oblee pelre-
HUE KBa3WJIMHEIHOTO YpaBHEHNA B YaCTHBIX ITPOU3BOIHBIX B OKpeCT-
HOCTHU KaXKJI0i Toduku Ng.

4.2.4. 'eomeTpuvecKmil CMBICJI KBAa3UJINHENHOTO ypPaBHEHUS
B YACTHBIX ITPOU3BOIHBIX

I'pacdux pemenus v = f(z1,...,2,) € C1(Dy) xBazumneitnoro ypas-
HEHUs B YACTHBIX Ipou3BOJHBbIX (4.12) siBiisiercs n-MepHOI IIOBEPXHOCTBHIO
B IIPOCTPAHCTBE (Z1,...,Ty,U). Y TOIHIM CTPYKTYPY ITON [OBEPXHOCTH.



4.2. YpaBHeHHs B 9aCTHBIX MPOH3BOJHBIX MEPBOI'O IIOPSIIKA 85

Ty

Puc. 4.1. K nokasaresnscrsy Teopemst [£.2.3]

Teopema 4.2.3. Qynxyua u = f(x1,...,2,) € CH(Dy) Asasemcsa pe-
WEHUEM KEASUAUHETHO20 YPAEHERUA 8 UACTHHLL NPOU3EOIHHIL mo-
2da u moavko moada, xoeda 3adasaemas Mot PYHKUUET NOBEPTHOCTNL Ue-
AUKOM COCTROUM, U3 TAPAKMEPUCTIUK, ONPEIEAALMBIT CUCTEMOT (mo
ecmy wepes A0bY1 MoKy NOSEPTHOCTU NPOTOOUM TAPAKMEPUCTIUKA, Ue-
AUKOM ALAHCAULAS HA IMOT, NOBEPTHOCTIU,).

Loxazameavcmeo. Ilycts depes ji00yI0 TOUKY TOBEPXHOCTH
P={u=f(x1,...,2n),(x1,...,2,) € Do}, (4.18)

3aj1aBaeMoli ¢ TIOMOTIBIO HeKoTopoit byHkmun f(x1, . .., z,) € C1(Dy), npo-
XOIHUT XapaKTEPUCTUKA,

T ={(z1(¢),...,za(t),u(®)} C P,

[eJIMKOM JIesKallasi Ha 9TON MOBEPXHOCTU. B KazK 10l TOUKe XapaKTepUCTUKY
ee KacaresbHbI BekTOop B crity (4.13) numeer Bu

- (d:cl(t) dx,(t) du(t))
e 777 dt 7 dt
= (a1(z(t),u(t)), .., an(@(t),u(t)), b(@(1), u(t))),

rae u(t) = f(z(t)). IlockonbKy XapaKTepUCTUKA JIEKUT Ha II0BEPXHOCTU
P, TO MOCTPOEHHBIH BEKTOD T ABJISIETCSI KACATEIBHBIM OJHOBPEMEHHO M K
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noBepxHocTu P. Torma 3ToT BEKTOP OPTOrOHAJEH K BEKTOPY HOPMAJIH

m= (s @), o @), -1).

Tak kak (7,7)gn+1 = 0, TO

)ﬁ(m) +- 4 an(T, u)ﬁ(f) —b(T,u) =0, V(T,u)eT. (4.19)
or 1 8zn

Tosy4yenHoe paBeHCTBO MOKa3bIBaeT, 9To U = f(T) ymoBJIeTBOpsieT KBa3u-

JINHEHOMY YPABHEHWIO B YACTHBIX ITPOU3BOIHBIX B KaXKJIOIl TOYKe

xapakTepuctuku ['. [TocKoIbKY 0 yCIOBHUIO Yepe3 KaxKIyio TOYKY MOBEPX-

HOCTH TTPOXOJIUT HEKOTOpAasi XapaKTEPUCTHKA, TO BBIIIOJIHEHO BO BCEX

Toukax Dpy.

a1 (T, u

O6partHo, nyctb v = f(Z) — peleHne KBa3sWIMHEHHOIO ypaBHEHUsI B
JACTHBIX HpOI/I3BO,ZLHI)IX (4.12) B Dg. Iokazkem, 4To 4epe3 JIOOYIO TOUKY
Mo(2Y,...,2% u°) € P npoxomur nexamas B P XapaKTepUCTHKA C Kaca-
tepabIM BekTOpoM T(2), . .., 29 u°). Paccmorpum 3amauy Komm ¢ mauars-
upiv garEeME (29, ..., 1)),

dl‘l
_ _ .0
=a1(T, f(T)), @1(to) = =7,

dt

(4.20)

dx,
(= p(= _ .0
dt _an('raf(x))7 Jjn(to) = T,

KOTOpasl MMeeT eJMHCTBeHHOe pererne T(t) = (z1(t), ..., 2o (t)). o aromy
PEIIEHUIO TTOCTPOUM KPUBYIO

I'= {(1'1 = xl(t)v sy X = xn(t)vu(t) = f(xl(t)v s axn(t)))} (421)

IIo moctpoenuro I' C P. ¥o6emaumces, uro I' — xapakTepucTuka, TO €CTh YJI0-
Brersopsier cucreme (4.13). Ilepsbie n ypaBHEHMIT TOf CHCTEMBI BBIIIOJIHE-
HBI B CHITY . Ocranoch npoBepuTh mocseanee paeacrso B (4.13). Vau-
ThIBag TO, 9T0 x;(t), ¢ = 1,...,n, ABJIMIOTCS PEINICHUAME CI/ICTe,

u = f(T) aBJsiercs peleHreM KBasuiauHeiiHoro ypasuenus (4.12)), umeem

W —Zggfj @) S0 = Zaféxi 0T o ((0) u(t)) = b (), ).

CremoBaresnbho, kpuBasi [ — xapakrepuctuka. Tak, mokaszano, 9To yepe3
JIIOOYIO TOYKY ITOBEPXHOCTHU P MPOXOJUT IPHUHAJJIEKAIIAS ITOH TOBEPXHO-
cTu XapakTtepuctuka I O
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4.2.5. 3agaua Koy 1j1s1 KBa3SUJIMHENHOTO yPaBHEHUsI B YaCTHBIX
IIPOU3BOIHBIX

Paccmorpum B citydqae n = 2, KOTOpBII MMeeT HambOJiee HATJISIHYIO
reOMEeTPUYECKYI0 MHTEPIIPETAINIO, KBa3WJIMHEHHOe ypDaBHEHUE B YaCTHBIX
TTPOU3BOIHBIX

0 0
a1($7y7u)87';t + ag(x,y,u)£ = b(x,y,u), (422)

e b(x,y,u),aj(x,y,u) € C*(D), j = 1,2, D — obmactb u3 R3,
a%(ax,y,u)—i—a%(m,y,u)#o, V(%ZU»“) eD.

3adaua Kowwu mjisi KBa3UJIMHEHHONO ypaBHEHHSI B YACTHBIX IPOM3BOI-
HBIX COCTOWT B HAXOXKJeHuH moBepxHoctu u = f(z,y), 3a1aBaeMoil
pellleHneM KBa3WIMHEHHOro ypaBHEHUsI B YaCTHBIX Hpou3Boaubix (4.22]) u
IPOXOJIAIIEll Yepes3 3aJaHHyI0 JIMHUIO

= {(z,y,u) = (Y1(s), ¥2(s),¥3(s)), s € [s1,2]} C D,
TO eCcThb
V3(s) = f(Yr(s),¥2(s)), Vs € [s1,s2]. (4.23)
Teopema 4.2.4. [Tycmv 6bn0AHEHO YCAOBUE

ai(s) i(s)
det < as(s) h(s) ) #0, Vsé€[s1,s2], (4.24)

ede aj(s) = aj(11(s),v2(s),¥3(s)), j = 1,2.

Tozda 6 nexomopotl oxpecmuocmu Kancdot mouky sunuu £ cyuecmey-

em eduHCmeeHHoe pewerue sadaqu Kowu , .

Zloxaszameavcmeo. PaccMoTpuM crucTeMy XapaKTEPUCTUK JIJTsT KBa3UIUHEH-
HOT'O ypaBHEHUS B YACTHBIX NMPOU3BOIHBIX (4.22)):

d

d7f = al(xay7u)7

d

% - a2(may7u)a (425)
d

ditl =b(z,y,u).
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Puc. 4.2. K nokasaresnbcrsy reopemst [£.2.4]

Bagaua Kormm juist cucremsr (4.25) ¢ HaganbHbiMu nipy ¢ = 0 JaHHBIMEA Ha,
KpuBOit ¢

xli=0 = V1(8),  Yli=o = ¥2(s), uli=o = ¥3(s) (4.26)

nMeeT ¢eIMHCTBEHHOE pelIeHne
r=p1(t,s), y=pa2t,s), u=psts). (4.27)
B cuny , nMeeM
©1(0,8) = 1(s), 2(0,5) = ¥a(s), p3(0, 5) = ¥3(s), Vs € [s1,52]. (4.28)

Dopmyta 3a/1a€T aPAMETPUIECKOe IMPEJICTABJICHUE HEKOTOPOI II0-
BepxHocTu P. JIunus £ Je;KUT Ha 3TOI MOBEPXHOCTH 10 MMOCTPOCHUIO B CHILY
(4.26]) (cm. puc. .

ITokazkeM, 9TO B OKPECTHOCTH KaKJOH TOYKH JUHUH £ 3T COCTOSAIIAS
U3 XapaKTEPUCTUK TTOBEPXHOCTh MOXKeT ObITh 3ammcana B Buje u = f(x,y),
U TOTJA, 110 TeopeMe f(z,y) — pemeHnne ypaBHeHHsI B YaCTHBIX PO~
usBonubIx (4.22)). Ijist 5TOro J0CTATOMHO B BbITEKaomeil u3 cucreMe

GYHKIMOHAJIBHBIX YPABHEHUN

r=pi1(t,s), y=pats), (4.29)

BLIPA3UTh HapaMeTpbl (f, ) Kak HelpepblBHO auddepenimpyembie OyHK-
mun or (z,y). Umes B BUjy IpUMEHEHHE TEOPEMbI O HEsIBHBIX (DYHKIHUAX,
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BBIYHUCJJINM 3HaAYCHUA YaCTHBIX IIPOU3BOAHBIX Ha JINMHUN é, TO €CTb IIpu t=0.

B cuy (4.25) nmeem

0p1 _dx B 0o dy B
W(OJ) ©dtli=0 a1(s), ot 0,5) = dt li=o a(s).
U3 pasencrs (4.26) naxomum, 4To
91 O

LL0,8) = Uh(), S2(0,5) = Uh(s).

Torna nis sikobuana B cuity yeiaosus (4.24) cupase/inBo cooTHOIIEHME

9p1 Op1 ,
dec| g, g | o =ae (20 ) 20 vselss
ot ds

CrreioBaTEIBHO, IO TEOPEME O HESBHBIX (DYHKIINSX B OKPECTHOCTH TOUKH
(x0,90) = (¢1(0,5),2(0,s)) CymECTBYIOT €MHCTBEHHBIM 00PA30M OIIpe/ie-
JIeHHbIe HellpepbIBHO nuddepeniupyemble QyHKINN

t=1t(z,y), s=s(z,y),

obpammaomue ypasuenus (4.29) B roxxaecrsa. [locsie I0ICTAHOBKY B TPETHE
ypasuenue B (4.27) npuxoauM K MCKOMOMY IIPEJICTABICHUIO

u=@3(t(z,y),s(x,y)) = f(z,y).

EnuHCTBEHHOCTD BBITEKAET M3 TOTO, UTO Y/AOBIETBOPSIONIAS KBa3MJINHEH-
HOMY YPABHEHUIO B YaCTHBIX IIPOU3BOIHBIX IIOBEPXHOCTH, COIJIACHO TEOpe-
Me COCTOUT U3 XapPAKTEPUCTUK (TO €CTh BBIIOJHEHBI COOTHOIICHUS
BOJIM3U KPUBOIi £ € TMHCTBEHHOCTD PEIeHni 00EeCIIeInBaETCS TEO-
peMoit 0 HEABHBIX (DYHKITISIX. O

YesoBue “MeeT CJEeYIOMnil reoMeTpudecKuit cMmbIici. Tak Kak
BeKTOp T = (a1, az,b) Kacaercs XapakTEPUCTHKH, & BEKTOD (1], 5, 14) Ka-
caercsi KpuBoii £, Ha KOTOPOIi 3a/1af0TCsl HavaJ bHbBIE JaHHbIE JIJIs 3aa9u Ko-
I, TO yCJOBUE €CThb yCJIOBUE HEKOJUIMHEAPHOCTHU MIPOEKIWi (a1, az)
u (Y1, %) paccMaTpuBaeMbIX BEKTOPOB Ha ILWIOCKOCTH (,y). dpyrumu ciio-
BaMM, TPOEKINH JUHUA { U TIEPECEKAIOINX €€ XaPAKTEPUCTUK He JIOJPKHDBI

Kacarbcd apyr apyra (cm. puc. 4.2)).
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hasa 5

OcHoBbl BAapnaunMOHHOIo mncHumnciieHmns

5.1. OcHOBHBIE IIOHATUSA BapuanOHHOI'O MCYNCJICHUA

Paccmorpum MmuoxkectBo M, sBASIONEECT HEKOTOPBIM OIMHOYKECTBOM
MHOKECTBa HeNPEPBIBHBIX Ha orpeske dyukuuit Clxg, z1].

Onpegenenne 5.1.1. Oynryuonasom nazvieaemes omobpasricenue mMmo-
otcecmea M 6 mHoocecmeo JeticmeumesbHbT wucea.

IIpuBesieM HEKOTOPBIE TIPAMEPHL.

ITycrs MHOXKecTBO M coBnagmaer co Beem MHOXKecTBoM Czg, 21]. Ompe-
e dyrknuonan P[y(x)] caemyromum obpazom: ®ly(z)] = y(xo)+2y(z1).
Hpyrum npumepoM byHKIMOHANA, OINPEJAETEHHOr0 Ha STOM MHOXKECTBE, AB-
JIAETCST

[Tpusenem emre omma npumep. [lycts mHOXKecTBO M 1IpemcrasiisieT coboit
MHOKECTBO HETIPEPHIBHO M hepeHnnpyeMbIxX Ha OTPE3Ke [xq, x1] dyHKImit
rakux, 9T0 Y(Zo) = Yo, y(x1) = Y1, TAE Yo, Y1 — 38TAHHBIE TIOCTOSHHBIE.
OrmpeiesiuM Ha 9TOM MHOXKeCTBE (DYHKITHOHAJ

x1

Ply(z)] = /(y(:c) +2(y'(z))?) da.

o
5.1.1. Bapuarnusi dyHKIMOHAIA

Onpegenenune 5.1.2. Jonycmumot sapuayuets dpyrnkuyuu yo(x) € M
nazwveaemces aobas gynkyus 0y(x) maxas, wmno yo(x) + dy(x) € M.

Jamee 11t IPOCTOTHI Oy/IeM CIMTATh, YTO MHOKeCTBO M 0bamaer Tem
cBoiictBoM, uro ecau Oy(x) — momycrumMas Bapuanus GyHKIuA Yo(x), TO
tdy(x) TakxKe sBIIsIeTCS JOIYCTUMOl Bapualmeil pyHKuu yo(z) miis jaoboro

teR.
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Onpegenenvne  5.1.3. Bapuauyuetd 0®P[yo(x),0y(x)]  Pynryuonara
Oly(x)] na Pyrnryuu yo(x) € M nasweaemcs

L Blyo(x) + toy(x)]|,_

[IpuBememM TpPUMEPHI, MOKA3BIBAIOIINE, ITO BAPUAIUS (DYHKIIMOHAIA MO-
JKET CYMIECTBOBATD, & MOXKET U HE CYIIECTBOBATD.
[Tycrs M = Clzg, x1]. Paccmorpum

Bly(x)] = / (y(x))%d.

Zo

Torna p
38[yo (@), ()] = Z-@luox) + toy(a)]|_ =
— 4 [[lwl) + ty(a)Pas|_ =2 [ o)yl

u Bapuanus dyskmonana 0P [yg(x), dy(x)] cymecrByer st 6ot yo(x).
Ecyn »ke MBI Ha TOM K€ CAMOM MHOXKECTBE PACCMOTPUM (DYHKIHOHAJ

Bly(x)) = / ly(@)da

u Bo3bMeM yo(z) =0, a dy(z) = 1, To

Slyo(a), 3y (w)) = Slyo(a) +t0y(@)| = ey —agel]

t=0 dt

u Bapualusi (pyHKIIMOHA A HE CyIIeCTBYeT.

5.1.2. 9kcTpeMyM (pyHKIIMOHAJIA

Onpegenenne 5.1.4. Dynuxyuonas Ply(x)] docrmuzaem na dynruyuu
Yo() € M 2n06a1v1020 MurumMyma (Mmaxcumyma) na mrooicecmese M, ec-
au das 060l y(x) € M ewnoaneno nepasencmeo Plyo(z)] < @ly(x)]

(Plyo()] = @ly(x)]).
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[Tycts va muOXKecTBe M BBeseHa HeKOTOpas HOopMa dyHKuuu y(x), Ha-
apuMep
ly(2) = max |y(z)].

TOKTLTL

Onpegenenne 5.1.5. Qynxyuonas Ply(x)] docmuzaem na dynruyuu
Yo(x) € M 20KaABHO20 MUNUMYMA (MAKCUMYME) Ha muoocecmee M, ecau
cywecmeyem £ > 0 makoe, wmo das mobol y(x) € M u ydosaemesopa-
rowet nepasencmsy ||y(z) — yo(x)|| < €, cnpasedauso @lyo(x)] < Ply(z)]
(®lyo(z)] = Ply(x)])-

MakcuMyMBbl 1 MUHUMYMbI (DYHKITMOHAJIA HASBIBAIOTCST IKCTNMPEMYMAMU
dyuKImoHaa. 3aJa9u OTHICKAHUS SKCTPEMYMOB (DYHKIMOHAJIOB U (DYHK-
i, Ha KOTOPBIX OHU JIOCTHIAIOTCs, HA3BIBAIOTCS 3a/1a4aMi BAPUAIIMOHHOTO
UCYNC/ICHNSI.

HokazkeM TeopeMy 0 HEOOXOINMOM YCIOBUH IKCTPEMyMa (DYHKITTOHAJIA.

Teopema 5.1.1. Ecau ¢ynryuonan @ly(x)] docmueaem na dynryuu
yo(x) € M A0KAADHO20 MAKCUMYME UAU MUHUMYMAE Ha mhodcecmee M u
sapuayua GyrKyuoHase na Yyo(T) cywecmseyem, mo 8apualus GyHKGUOHa-
aa §P[yo (), dy(x)] pasra nyao das aw0bol donyemumots sapuaruy oy(x).

Hoxazameavemeo. Ilycrs dyuxkmmonan Ply(z)] mocruraer wa dyukuuu
yo(z) mokambpHOTO 3KCcTpeMyMa. Pacemorpum Dlyg(z) + tdy(x)], rme dy(z)
npousBosbHast Bapuanus yo(z). [Ipu dukcuposannbix yo(z) u 0y(x) byHk-
muonan Py (z) + téy(x)] aBnserca GyHxumeil mepeMeHHOi ¢ :

p(t) = Plyo(z) + tdy(x)].

Tak xak dysxmmonan ®y(z)] mocruraer Ha GyHKIME Yo () JTOKAIBHOTO
9KcTpeMyMa, T0 y GyHKImn ¢(t) Touka t = 0 siBJIsieTcst TOYKOI JIOKAIbHO-
ro skcrpemyma. Crenosaresbho, eciau npoussognas ¢’ (0) cymecrsyer, TO
¢’ (0) = 0. CymecrBoBanue mponsBouoil ¢’ (0) caeayer U3 cymecTBOBaHIs
Bapuaun dyukimonana ®[y(z)] ma yo(x)

Lot)| = S blyo(e) + ty()]

CrenoBare/ibHO,

=0
t=0

5lyo(e), Sy(a)] = & Blyor) + 15y()]

st jioboit 0y(x). Teopema JIOKa3aHa. O
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1/2(I)

/\

ol z, Ty—& Ty Tyte T, x

Puc. 5.1. K nokaszarenbcTBy jeMMsl [5.1.1

5.1.3. OcHOoBHag JieMMa BapUAIMOHHOT'O MCYNCICHUS

JlokaxkeM jieMMy, KOTOPYIO B CBSI3U C €€ BaXKHOCTBIO IIPU UCCJIEI0BAHUI
3a/1a9 BAPUAIMOHHOTO NCINCJIEHUST, HA3BIBAIOT OCHOBHOM JIEMMOI Bapuary-
OHHOT'O MCYMCJIEHUS.

Hanomuum, uro C"[xg, 1], n € N 0603HaUaeT MHOXKECTBO 1 pa3 Helpe-
pBIBHO auddepeHIpyeMbIX Ha OTpe3Ke [Xo, 1] dyukmit. [Tycrs Cf [z, 1]
— MHOX)ecTBO dyHKmit y(r) € C™[xp, £1] TaKHUX, ITO

y(m)(xo):y(m)(xl)zo, m:o,]_’.."n_l.

Nemma 5.1.1. ITycmo f(x) — nenpepusnas na ompeske [xo, x1] Pyrk-
YUA MAKad, mo

7f($)y(x)d$ =0

dns mobot y(z) € Cflxo, x1]. Toeda f(x) =0 na ompeske [xo, x1].

Jokasameavemeo. Tlpeamonoxkum, uro GyHKIms f(2) OTIMIHA OT HyJIsl Ha
orpeske [zg, z1]. Torma cymecrByer Touka s € (g, 21) Takas, 410 f(T2) #
0. IIycrs mis oupegnenennocru f(xe) > 0. B cuiy menpepoisaoctu f(x)
cymecTByeT € > (0 Takoe, ITO

=)

fa)= 5

>0, Vx€lry—e,xs+¢e| C(x0,21).

Pacemorpum dyukimio ys () caemyromero suga (cM. puc. [5.1):

[ @ @) (@2 o) )", w e fus— e,z + el
y2(z) { 0, ? ’ T & [xz —s,szrs].
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Oyukuus yo(z) € Cxo,x1] u y2(x) > 0 upu x € (x2 — €, 22 + €). Cueno-
BATEJILHO,

x1 To+€
[ @iz = [ f@wds>o.
xo To—E€
9TO MPOTUBOPEYUT YCJIOBUIO JieMMbl. Jlemma [5.1.1] nokazana. O

5.2. YpaBHeHue Jdiijiepa

Paccmorpum  MuOMXKecTBO M HempepbIiBHO auddepeHITnpPYEeMbIX  Ha,
[x0,z1] dyukuumit y(z) rakux, aro y(zo) = yo, y(z1) = y1. Oupemenum
HA 9TOM MHOXKECTBE (DYHKITMOHAJ

Z1

Bly(x)] = / F(z,y(x).y' ())dr, (5.1)

Zo

rie F(x,y,p) — 3amanHas QYHKIUS TPeX IePEMEHHBIX.
HO.Hy‘II/IM HeO6XO,HI/IMOG yC.HOBI/IG SKCTpeMyMa (byHKI_LI/IOHaJIa Ha MHOZKe-
crBe M.

Teopema 5.2.1. IIpednoaosicum, wmo npu x € [xo,11], (y,p) € R? y
dynxyuu F(x,y,p) cywecmeyiom nenpepusrbie 6Mopble “acmHbie npous-
godnwvie. Ecau ynxyuoran docmuzaem A0KANDHO20 IKCTPEMYMG M,
dynxyuu yo(x) € M, umerowels HenpepuieHyo MopY10 NPoussoonyo Ha
ompesxe [xg, x1], mo Pynryus yo(x) aeasemes peweruem duddeperyuant-
HO20 YPABHENHUA

Fy(o (@), (@2)) — - Fylay(@), g/ (@) =0, mo<z<am.  (52)

Zloxaszamenvcmeo. Haiinem Bapuamumio yHKIITOHAIA Ha yo(x). U3
onpesiesieHnst MHOXKecTBa M cyiestyer, aTo jomyctuMoit Bapuanmeit dy(z)
dyurimu yo(z) sBisiercst robasi HenpepblBHO qud depeHnupyeMast Ha OT-
peske [zg,21] OyHKIMS, 0OpAIAOIIAsCS B HOJIb HA KOHIIAX 9TOTO OTPE3Ka
(em. puc. [5.2)). To ects dy(z) € Ci[zo, 1].

Ucnionb3yst onpejiesieane Bapuanuu (DYHKIIMOHAJIA, [TOJTY TIM

Flyo(), 5y(w)] = - Blun(e) + to(x)]| =
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Yy
Y (z:y1)
yokmtw@ .
vo (20:Y0) yo(x)
oy(z)
0 Zq T,

Puc. 5.2. K nokasaresnbcrsy reopemst [5.2.1}

= 5 [ F () + 6y(o), i) + 100 @) =

Z1

— [{Fvnla) + t0u@).vh(z) + (00 (2)3y(a)+

Zo

+Fp(, yo (@) + toy(x), yo(z) + t(5y)'(w))(5y)'($)}dﬂf o

1

— [{Fu(o.0(0).v5(2)80(2) + Byl (o), 3o ) 6 ()}

Zo

W3 TeopemMbl 0 HEOOXOIUMOM YCJIOBUU SKCTPEMYMA CJIEAYET, UTO BAPUAIIMS
dyukumonasa Ha yo(r) JOKHA PABHATHCS HYJIO, TO €CTh

/Fy(x,yo(ﬁ),yé(x))fsy(ﬂﬁ)dﬂf + /Fp(%yo(ﬂ?)’yé(w))(@)'(ﬂi)dﬂc =0.

Zo Zo

HHTGFpI/IpyH II0 9aCTAM BTOpOI7I UHTEerpaJl u yduTbiBasl TO, 9TO

dy(xo) = dy(x1) =0,
TIOJIy IUM

x1

J{B (@) 560)) = 5 Fylo (o). vh(a) Joy(e)ds = 0.

Zo
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DTO PaBeHCTBO BHINOJIHEHO s Jioboit dbyuknun 6y(z) € Cfxo, x1]. pn-
MEHsIsl OCHOBHYIO JIEMMY BapPHAIMOHHOIO MCUUCJICHUS, IMEEM

d
Fy(a:,yo(a:),y()(x)) - %Fp(x,yo(x),yé(x)) =0, zo<z<ar.

CuenoBaresnbuo, Gynkius yo(x) asiagercs pemenueMm ypasaenus (5.2) u
reopema [5.2.1] noxkasana. O

VYpasuenne Ha3bIBAETCSI ypaBHEeHHEeM Jiiiepa st (DYHKIHOHATA
. Tak kak dyHKIWMs Yo(z), HA KOTOPO# TOCTUTAETCST FKCTPeMyM (DyHK-
[MOHAJIA , [IPUHAJIEXKUT MHOXKeCTBY M, TO OHa SIBJISIETCSI PEIIeHUeM
caenyoel KpaeBoil 3ana4nu

Fy (o, y(@),/ () = - Fy (o, (), () = 0, o < <,
y(fﬂo) =%, ylr1)=uy1.

PaccmoTpuM mipuMep IpuMeHEHHs! JJOKA3aHHON TEOPEMBI.

Bo MHOruX HIpmIIOXKEHUSIX, HAIpUMEp, Ipu 00paboTKe H306parkeHuii,
Tpebyercs npubau3uTh HeKoTopyio dyukuuio f(x) Gosee raaakoit byHKIy-
eit y(x). Do o3mavaer, 9To MpousBoxHAA Y (T) HE JOJKHA UMETH CJIUIIKOM
boutbiie 3HadeHus. s perennst mooOHBIX 3a/1a9 MOYXKET ObITh IpUMeHe-
HO BapuarmoHHoe ucunciaenue. Ilycrs f(x) Takosa, uro f(xg) = f(x1) = 0.
PaccmorpuM 3a/iady HAXOXKIACHHS MUHAMYMa CJIEAYIONEro pyHKIMOHATIA

)~ s@)dn+a [ @), (53

e @ — TIOJIOKUTENbHBIH nmapamerp. MUHUMH3amus NepBOTO WHTErpasa
obecnieunBaer 6iu3ocTb byHKIMA Y(z) K ucxoquoi f(x), a MUHUMHUBAIMS
BTOPOTO MHTETPAJIa MPUBOJUT K TOMY, UTO 3HAUEHUs] MPOU3BOAHOIH ' (1) He
OYy/IyT CJIUIIKOM OOJIBITIMU.

Jlis pemenus 3aa9u MuHuMu3anuu byHKIMOHAIA HA MHOXKECTBE
bynxunit y(z) Takux, uro y(z) € Clxg, 1], y(zo) = y(z1) = 0, 3anumem
ypaBHeHue Ditjiepa i GyHKIMOHATA . Tak kak B 9TOM Citydae

F(x,yvp) = (y_ f(x))z +04p2, Fy(l',y,p) = Q(y_ f(.’E)), Fp(x,yvp) = 20[]9,

TO ypaBHeHHe Dillepa uMeeT BU/T
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IIpeobpasyst 3TO ypaBHEHHUE W YIUTHIBAS KPAEBbIE YCJIOBHS, MOJYIUM Kpa-
eBYIO 3aj1a4y i onpejesenus GyHkuun y(x)

y'(@) = (@) 'y(a) = —(a) "' fz), =z <z <a, (5.4)
y(zo) = y(z1) = 0. (5.5)

Tak Kak ypasHeHue Jiljlepa jaeT HeoOXOJMMOe YCIOBHE SKCTpeMyMa, TO
MOXKHO YTBEDPXKJATh, UTO, €CJIH MUHUMYM (DYHKIMOHAJIA JIOCTUTAETCS
Ha JBaXXKIbI HEMPEPBIBHO auddepeHmpyeMoil yHKINNI, TO 9Ta (DYHKIIAA
siBjIsteTcs pernenneM kpaesoit sagauan (5.4), (5.5). Bamernum, uro oxHopon-
nas (f(z) = 0) xpaesas samaua (5.4)), (5.5) umeer Tonbko HyneBoe perre-

HUe, CJIeJIOBATEIbHO, pertenne kpaesoil 3agadn (5.4), (5.5) cymecrByer u
€JIMHCTBEHHO [y 11060 f(x). MoxKHO 70Ka3aTh, 4TO 9TO perieHue Oymer

MuHUME3UPOBaTh (pyHKuunonas (5.3)).

5.3. HeobxoauMble ycJIOBUSI SKCTpEeMyMa
JJisI HEKOTOPBIX (DyHKIIMOHAJIOB

B srom naparpade Mbl paccMOTpUM HEKOTOPBIE (DYHKIIMOHAJIBI U TTOJIY-
9UM JJTsT HIX HEOOXOJUMBIE YCJIOBHS SKCTPEMYMA.

5.3.1. ®yHKIIMOHAJI, 3aBUCAIIUI OT MPOU3BOJHBIX MOPsIAKA BbIIIE
IepBOro

Pacemorpum muoxkectBo M dbynxmmit y(x) € C"[xg, 1] Takux, aTo

"

y(xo0) = Yoo, y'(xo) =91, ¥ (T0) = Yoz, - - -» y(nfl)(xo) = Yon—1, (5.6)

"

y(x1) = y10, ¥'(21) = v11, ¥ (@1) = yios -, ¥y (@) = yinoa. (5.7)
OHpeﬂeJH/IM Ha 9TOM MHOXKECTBE q)yHKHI/IOHaJI
T
Bly(a)) = [ Floy(@)y @), s (@) (5.8)
Zo

rae dbyukuusa F(z,y,p1,. .., Pn) OUPEIEIEHA U HEIIPEPLIBHA IIPU & € [Xq, Z1],

(yapla s apn) € RnJrl'
[Monyuyum HeoGxommumoe ycsoBue 3kcrpeMyMma dyukuuonama (5.8) Ha
MHOXKecTBe M.
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Teopema 5.3.1. ITycmo dynxyus F(x,y,p1,...,Dn) umeem npu x €
[0, 1], (Y, p1, .., Pn) € R™L yenpepuisrvie wacmmvie npoussodnvie nopad-
wa 2n. Ecau dynxyua j(x) € M, y(x) € C?™[wg, 21], u na neti docmueaem-
ca axempemym Pyrryuonana [5.8) na mnosrcecmee M, mo §(z) asasemea
PeWeHUEM YPAGHEHUA

=0, z9<z<ua, (5.9)

20e F = F(x,y(x),y (x),... ,y(”)(:z:)).

Zloxaszamenvcmeo. B cuny HEOOXOIMMOTO YCIOBUsT SKCTPEMYMAa BapUaIldst
dyHKIIOHAIA Ha byHKIUM §(2) D0JKHA OODPAIATHCST B HOJb ISt
Jr060it fonycrumoii Bapuanun 0y(x) € Cf[xo, x1].

ITo ompenenenuio Bapuaruu GHyHKIIMOHATIA TMEEM

5lg(x), Sy(x)) = L Blgla) + 15y(x)]

Zo

t=0

Huddepennupys unTerpas mo napamerpy t, monaras 3arem t = 0 u upu-
paBHUBasi BAPUAIUIO K HYJIIO, [IOJLYYAM

Z1

/(Fy5y(x) + Fp (8y) (x) + -+ + Fp, (6y)™ (2))dz = 0.

zo

Uurerpupys 1o yacTsM U yIuThIBag TO, 4To dbyHkims dy(x) u ee mpous-
BOJIHBIE OOPAIAIOTCSA B HOJIb HA KOHIAX OTPE3Ka, UMeeM
Ty
F d F 1 nd F, |6 dr =
(Fy = B+ (S0, )by(a)de = 0.

Zo

Tak KaK 9T0 PaBEHCTBO BBIIOJIHEHO st Jit060it dynknum 0y(x) € Cf[xo, 1],
TO, NPUMEHSST OCHOBHYIO JIEMMY BAPUAIMOHHOTO UCIUCIICHUSI, OJLY TUM, 9TO

dyukuus y(x) apusercs pemenuem auddepenimanbaoro ypasaenus ((5.9)).
Teopema [5.3.1] nokasana. O
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Takum 00pazom, Mbl IOKazajd, 49To, eciau Ha yHkiua y(r) €
C?"[xg, x1] nocruraercs sxcTpemyM (GyHKIHOHATA Ha MHOXKecTBe M,
TO 3Ta DYHKIUS SABJISETCS PEIeHneM KPaeBOil 3a1a9u , , .

B kadecTBe mpumepa NpUMeHEHHUs! JTOKA3aHHOM TEOPEMBI PACCMOTPUM
sajady npubanzkenns Gyuxkmun f(z) Gosee raaskoit dyukimeit y(z). B or-
JITYUe OT IpuUMepa U3 Mpejplayliero naparpada 6ygeMm TpeboBaTh, ITOOBI
3HAYEHUs HE TOJBKO MEPBOI TPOM3BOIHOM, HO U BTOPOIi TPOM3BOIHON DYHK-
1y y(x), ObLIM HEBEJINKN.

Paccmorpum 3amady HAXOXKIAEHUS MAHAMYMa DYHKIHOHAIA

/(y(x) — f(@))’de + Ot/((y’(x))2 + (' (2))?)da, (5.10)

rje  — MOJIOXKUTEIbHbI apaMerp. Bymem upemnosnarars, 9ro dbyHKIMs
f(z) makoBa, uro f(xg) = f(x1) = 0, f'(x0) = f'(x1) = 0 u paccmorpum
zagady MunuMusaiun dysxinuonada (5.10) na muoxkecrse dyukuumit y(x)
Taxux, 110 y(z) € C*[xo,21], y(zo) = y(a1) = 0, ¥ (20) = y'(z1) = 0. Tax
KaK B 9TOM cJjiydae (pyHKIUs

F(x?y7p1ap2) = (y - f(x))Q + Oép% + Oépg,
To ypaBuenue (|5.9) umeer Bu

2u() — F(a)) — - (209 (@) + L (2" (@) = 0
z)— f(x) — —Qay'(x — (209" (z)) = 0.
Y dz Y dzz

IIpeobpasys 910 ypaBHeHHE U y4uThiBas Kpaesble ycuaosus y(zo) = y(r1) =

0, ¥’ (x0) = ¥/(z1) = 0, momyunM KpaeByIo 33Jady JJIsl ONpeieeHnst byHK-
i y(x)
y (@) =y (@) + () My(e) = ()7 f(x), @0 <w <,
y(zo) = y'(x0) =0, ylx1) =y'(x1) = 0.

5.3.2. ®yHKIMOHAJI, 3aBUCIIINI OT PYHKIMHN ABYX II€PEMEHHBIX

3ajlaun BApUAIMOHHOTO HCYUC/EHUST MOXKHO PacCMaTpUBaTh U JJIsl
(BYHKIMOHAJIOB, 3aBUCAINX OT (DYHKINA JABYX ME€peMeHHBbIX. PaccMoTpum
dyukumonas, 3apucsimuii or GbyHKIMA U(T,y) U ee YACTHBIX NPOU3BOIAHBIX
1IepBOr0 IOPSJIKa

@[u(m,y)] = //F(x,y,u(:my),ux(x,y),uy(;v,y))dacdy, (511)
D
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u u(z,y)

Puc. 5.3.

rae F(z,y,u,p,q) — 3anannas dyHkims, a D — obaacTk, orpaHnveHHAas
kourypom L. Bymem npeamosarars, uro dbyukmus F(z,y,u,p,q) umeer
HeIpepbLIBHBIe BTOPBIe YacTHBIE Mpom3Boanble npu (r,y) € D = D U L,
(u,p,q) €R? .

[lycts M — mmoxkecTBo bynkmuit u(r,y), nMeomux B D HepephIB-
Hble YaCTHbIE TPOU3BOJHBIE M NPUHUMAIOMNX Ha L 3a/jaHHbIE 3HAYCHUS
u(z,y) = ¢(z,y), (x,y) € L. Bapuanua dysxunn u(z,y), He BBIBOAAIIAL
ee n3 MHOXKecTBa M, — 310 dbynknus du(x,y), nMeromas B D HelpepbIBHbIE
YACTHBIE IIPOU3BO/IHBIE U 00PAIIAIONIAACs B HOJIb Ha L, T0 ectb du(x,y) = 0,
(z,y) € L (em. puc. [5.3).

[Momyuanm HEOOXOIUMOE YCIIOBUE SKCTPEMyMa (DYHKIIMOHAJIA, . Lot
9TOr0 HaM MOTpebyeTcs JIeMMa, aHAJOIMIHAs OCHOBHOM JIeMMe BapUAIMOH-
HOT'O UCYUCJICHUST

Nemma 5.3.1. ITycmo dynwyua f(x,y) nenpepusna 6 D. Ecau
//f(w, y)v(z, y)dedy =0
D

das mo6ol Pynryuu v(x,y), umenwed HENPEPHLEHBIE YACTHBIE NPOUSEO0-
nole 6 D u obpawarowetics 6 noav na xowmype L, mo f(x,y) = 0,

(z,y) € D.

Hoxazameavemeo. Ilpennosnoxkum, aro dyuakuus f(x,y) oraumdHa or HyJis
B D. Torga cymecrsyer Touka (zg,yo) € D rakas, aro f(zg,yo) # 0. [lycrs
st onpegenenaocty f(xg,y0) > 0. U3 menpepwisHOCTH [(2,y) B TOUKe
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Puc. 5.4. K noxasaresbcTBy JIeMMBI [5.3.1

(20,Y0) CI€IYET, ITO CYIIECTBYET KPYT
S={(z,y): (x —x0)* + (y —w0)* < €%}
f(wo,y0)

rakoii, uro f(z,y) > — > 0 npu (v,y) € S C D. Paccmorpum
dyurimo vy (2, y) Takywo, 9ro (cMm. puc.
2
Uo(.T y) — (({17 - 1'0)2 + (y - y0)2 - 52) ) (l',y) € é
’ 0, (z,y) € D\S.
Torma

J[ szt = [[ 5w pute sy >
D S

> J(0.v0) [[ wte.vydsy > o,
S

YTO IPOTUBOPEUNT YCJIOBUIO JIEMMBI. llo/lydyeHHOEe IIpOTUBOpEYre IIOKA3bI-
BaeT, YTO UCXOJIHOE MpeIookenne ObL10 HeBepHO. JlemMma [5.3.1| mokaz3a-

HAa. O

Teopema 5.3.2. IIpednoaooicum, wmo dynruus F(z,y,u,p,q) umeem
HenpepvisHve 6Mopvie Hacmmvie npoussodnvie npu (z,y) € D, (u,p,q) € R3.
Ecau sxempemym pynryuonara docmuzaemesn wa Pyrrkyuu a(z,y) €
M, umeroweti nenpepuiervie 6mopvie wacmmvie npoussodrvie 6 D, mo ama
PYHKUUA ABAAECNCA PEUEHUEM YPAGHEHUS 6 YACTIHOLT NPOU3EOOHHIT

-———-—=0, (z,y)€D. (5.12)
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Joxazameavcmeo. Tlycrs sxcrpemym dyuaknuonana (5.11]) mocruraerca na
byukuun @(x,y) € M, umeroieii HelpepbIBHbIE BTOPBIE YACTHBIE IPOU3BOJI-
mpie B D. VI3 He0OXOAUMOTO YCIOBUSA SKCTPEMYMA CJAEIYeT, ITO BapHUAIIAA

dyukuponasa (5.11)) Ha sroit dyHKIMU paBHA HyJIIO

60[u(x, y), du(z,y)] = %q)[ﬁ(x,y) + t5u(m7y)}‘t:0 —0,

TO €CTb

d
G [] P w0t 0, . 0)ded | =
t—
D

rae w(z,y,t) = u(x,y) + téu(x,y). daddepennupys 1o ¢ 1mos 3HaKOM UH-
TerpaJa U noJjarasg t paBHBIM HYJIO, IOy UM

/Fu(x,y,ﬂ,ﬂw,ﬂy)éu(x7y)da:dy+

// (2, y, Uy Ug, Uy ) (6U) 2 (T, y)+

+ Fy,y, 0, T, ) (00), (2, ) fdedy = 0. (5.13)

IIpeobpasyem sTo pasenctBo. O4UeBuUIHO, ITO

F 0 oF
(T, Y, Uy Uy, Uy ) (O1) 2 (2, ) = o (F,du) — axp su,
F, 9 OF,

QT y, U, Uy, Uy ) (6u)y (2,y) = @(Fqgu) - aT/q S

CrenoBaresibHO,

// (@, Yy, U, U, Uy ) (OU)z (2, y) + Fy(z, v, ﬂ,ﬁmﬁy)(éu)y(m,y)}d:ﬂdy =

// F (5u 88 (F 5u d:rdy // 8F 5u dxdy.

IIpumenss dopmysy I'puna Kk uaTErpaLy

// (Fpou) + 867; (Fqéu))dxdy
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u yuurbiBag 10, 9o ou(z,y) = 0, (x,y) € L, noayaum
// (Fpou) ;y(Fqéu))dxdy = ]{(Fpéudy — Fy0udz) =0
L

CrenoBare/ibHO,

J[ B0, 8000 0) + (.00, 3,) (50), o) Yoy =

/ —L 4+ 7)(5udxdy,

u pasenctso ([5.13)) nupunumaer Bus

0 0
//{Fu - %Fp - a—qu}(Su(x,y) dxdy =0,
D

raoe Fy, Fp, Fy Beraucsores B TouKe (z, Yy, U(T,y), Uz (2, y), Gy (2, y)). Tax
KaK IOJIyIe€HHOEe PABEHCTBO BBIMIOJIHEHO JIsl JTIOOOM JOMycTUMON Bapuanum
du(z,y), To, upumMeHsist temmy [5.3.1] mosyuaem, uro GyHkIws 4(x,y) sBiIs-
erca perteaneM ypasaenus (5.12)). Teopema JIOKa3aHa. O

CaenosaresnbHo, ecan dbyHkus 4(x,y) takosa, 910 @ € M, numeer B D
HeIMPePbIBHBIE BTOPBIE YaCTHBIE TPOU3BOIHBIE U HA HEMl JIOCTUTAETCS IKCTPE-

myMm dyuxiuonana (5.12), To sra dbyHKIMS ABJIsIeTCS PENIeHreM CJIeyIomeit
3a0a41:

_or, oR,
Y 9r oy
u(z,y) = o(x,y), (z,y)€ L.

[Tpusenem erre ofquH MpUMep BAPUAIIMOHHON 331891, CBA3aHHON CO CIyIa-
JKuBaHUEM (DYHKIMH JBYX MepeMeHHbIX. IlycTh HaM HYKHO NpubIU3UTH
dyukuuio nByx mepemensubix f(z,y), 3aJaHHYI0 B HEKOTOpPOil obsactu D
Gostee Tmanakoit dyukmeit u(x,y). lpeanonoxkum, aro byukuus f(x,y) Ha
rpanute L obiaactu D obparaercss B HOJb. JJIsT perenust 3a1a491u PacCMOT-
pUM 3a/1a9y MUHAMA3AIWY (DYHKIIMOHAJIA

J[{wte.) ~ £ + (o) + uy o)) pdzdy
D

= 07 (x’ y) e D7
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3amnuceiBast JIJist 9TOTO (PyHKIMOHAJIA yPABHEHNE , MIOJIy9UM, YTO, €CJIU
MUHUMYM jocturaercd Ha (GyHkuuu 4(x,y), uMeromeil HenpepblBHbIE BTO-
pble JacTHBIE HPOM3BOMHEIE B 1) 1 obpamaomieiics B HOMb Ha L, TO 3Ta
GbYHKIMSA SABIISIETCS PEIeHNeM YPABHEHHUS B YaCTHBIX ITPOU3BOIHBIX

Uz (T, Y) + Uyy (2, y) — a tu(z,y) = —a  f(x,y), (x,y) €D.

5.4. BapmanuoHHas 3ajiaya Ha yCJIOBHBINl 3KCTPEMYM

Paccmorpum nBa dyHKIMOHATA

Bly(x)] = / F(z,y(), ¥ ())de (5.14)

By ()] = / Gl y(@). o/ (2))dz, (5.15)

rue F(x,y,p), G(x,y,p) — 3aaHuble JBaXKIbI HEIIPEPBIBHO juddepenupy-
eMble (DYHKITMU CBOUX apryMEHTOB.

Paccmorpum cemyronmyio skcrpeManabHyo 3amady. llycrs Tpebyercs
HaiiTu QyHKIMIO §(x), Ha KOTOPOI JOCTUraeTcs SKCTpeMyM (DyHKIMOHAIA
(5.14) ma MHOXKeCTBE DYHKIMIH

My = {y(x) € Cllzo, 1] : y(xo) = yo, y(x1) = y1, V[y(z)] = E}. (5.16)

Takum obpaszom, HaM HYKHO HaiiTu skcTpemyMm dyuknnonata (5.14) wua
(15.15))

MHOXKeCTBe (PYHKIIUN OMPEIEIIEMOM TEM YCAOBUEM, UTO (DYHKIIMOHAJT

MPUHUMAET Ha 3TOM MHOYXKECTBE TOCTOSTHHOE 3HAaYeHUe. BapuarnyuoHHble 3a-

Jla9d TAKOTO THIIA HA3BIBAIOTCS 33JIA9aMU HA YCAOGHBIT IKCTMPEMYM.
Haiinem Bapumamuio pyHKIpoHaaa Ha MHOXKeCcTBe (DYHKITHI

M = {y(x) € C'[zo,x1] = y(xo) =wo, y(w1) =y}
Iycrs dy(z) — monycrumast Bapuanus dbyHknun Ha M, TO eCTh

Sy(x) € Ctwo, 1], dy(wo) = dy(zy) = 0.



5.4. Bapuanuonunasi 3a7a4a Ha yCJIOBHBIH 9KCTPEMYM 105

Torna Bapuanus dyukiponata Vly(x)] va dyskun g(x) € M pasHa

oW[y(x), oy(x)] [9(x) + toy()]

d
=—U .
dt t=0
Huddepennupys 1o t u nojaras ¢ = 0, moxydaem

o[y (x), oy(z)] =

1

— [{Guf.312).7(@)50(w) + G ), 7 (@) @) () .~ (5.17)

Zo

CdopmyupyeM ycjioBre, HEOOXOIUMOE Jijisl TOr0, YTOOBI Ha (PYHKIUU
y(x) mocrurascst sxkerpemyM dyukimonana (5.14) na maoX)ecTBEe My .

Teopema 5.4.1. Ilycmv na dynxyuu y(z) € My, y(z) € C*[xo,x1],
docmuzaemca sKCmpemym GYHKUUOHAAG na muoscecmee My . Ecau
cywecmeyem PyHKUUA

dyo(x) € ot [0, 21],  Oyo(xo) = dyo(z1) =0

makas, wmo sapuayus O [g(x), 0yo(z)] # 0, mo natidemes wucao X makoe,
wmo §(x) ydosaemeopsaem ypasHeHuo

Ly, y(@), /@) = 5o Lo(e,y(@), (@) =0, m<z<m,  (518)

20e
L(z,y,p) = F(z,y,p) + A\G(2,y,p). (5.19)

JHoxasamesvcmeo. BozpmeM npousBosbayio GyHKIHMIO 0y(T) TakKyk, 4ro
Sy(x) € Cxo, 21], dy(z0) = dy(z1) = 0. Paccmorpum dyrKImm

(t, ) = D[y(x) + toy(x) + Toyo(z)],

U(t,7) = Wly(x) + toy(z) + Toyo(z)],

rie t, T — IPOU3BOJIbHbIE JIeHICTBUTE/ILHBIC YUCTIA.
U3 onpenenenus dyuxumit (¢, 7) u (¢, 7) caemyer, aro

©(0,0) = @[y(x)], ¥(0,0) = ¥[y(z)],

¢:(0,0) = 6@[y(x), dy(x)],  #-(0,0) = d®[y(x), dyo(x)],
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$¢(0,0) = 0¥ [y(x), dy(x)], ¥-(0,0) = 0W[g(x), byo(x)].

[okazkem, uto st jo6bix 6y(z) € Cllzg, v1] axobuan

Dip.w)| . ( 0fg().5y()]. 5B[g(x). dyo(x) \
tqm_da<5MM@ﬁMﬂL5WM@ﬁ£@H>_Q (5.20)

D(t,T)
IIpeAmoIoKnuM, ITO 3TO HE TaK W CYWECTBYeT 07(T) Takas, 9TO JJId Hee
NG L
oV[g(x),09(x)], O¥[g(z), dyo(w)]

Torga U3 TeopeMbl 0 HesBHBIX (DYHKIUAX cieiyer, 9ro upu oy(x) = §g(x)
cucrema

AKOOnaH

@(ta T) =u, d}(t? T) =v
OIHO3HAYHO paspemmuMa id (u,v), HAXONAIMXCS B JOCTATOYHO MAJION
okpectHOCTH (U, Vg ), TaE Uy = ¢(0,0), vg = (0, 0).
[Iycrs, ayia onpeneneHHocTH, §(z) — dyHKIM, HA KOTOPOIl IOCTUraeTCs
JIOKAJILHBI MEHEMYM 3371891 Ha yCJIOBHBIA 3KCTpeMyM. PaccMorpum cucre-

My
p(t,7) = ¢(0,0) —e = @[y(z)] — e,
P(t,7) = 9(0,0) = ¥[g(z)] = ¢,

rae € — JO0CTaTOYHO MaJioe ITOJIOZKHUTEJIbHOE YUCJIO. Tak kak

(90(07 0) -5 ¢(0» 0))

HAXOAUTCs B JIOCTATOYHO MAaJIO OKPECTHOCTU TOYKHU (ug,Vp), TO O Teope-
Me O HesIBHOI (PYHKIIMK CUCTEMa MMeeT €IUHCTBEHHOE PElIeHUuE te, T.. DTO
O3HAYAET, YTO

o(te, 1) = @y(x) + t-04(x) + T-0yo(x)] = @[y(x)] — ¢,

¢(t5,75) = \If[gj(x) + teég(x) + Ta5yo(37)] =/
Caenoparesnbro, Ha dDyukmn §(z) + t.04(x) + 7-0y0(x), npuHaexKamei
muOKecTBY My, bynxmmonan (5.14) npuauMaeT 3HaveHre MeHbIeE, TeM Ha
g(z). D10 uporusopeunt ToMy, 94T0 Ha DYHKIUY Y (L) JOCTUrACTCI JIOKAJIb-
HBI MUHAMYM. V3 HOJIy4YeHHOro IIPOTHBOPEYUS ClleAyeT CIIPaBeIMBOCTh

pasencTBa ([5.20]).

PackpbiBast onpenesnrens, Bxoasmuit B paseHcTBo (|5.20]), moayuaem

6@[y(x), 0y(x)6W[y(x), dyo(x)] — 6®[y(x), dyo(x)]oW [y (), dy(z)] = 0



5.5. Bapmamnmonsoe cBorictBo 3asa4qn LItypma-JInyBusiis 107

st Beex 0y(z) € Cllxg,x1]. Ho yemosuio Teopembr §W[g(z), dyo(z)] # 0.
Tomenus wa §U[F(x), dyo(x)] u 0bo3HAUNB Yepes3

A=—

TIOJIy IUM

5D[(x), Sy(2)] + ASU[g(x), Sy(a)] = 0.

YunrsBas dopmyis! wis dP[y(z), dy(z)] n 0¥ [y(z), dy(z)], sT0 paBeHCTBO
MOZKHO IIE€PENICATD TaK:

+/{Fp(x’ ]](.73),?]/(1‘)) + )‘Gp($7 ;U(x),ﬂl(x))}éy'(x)dx =0.

Zo

WuTerpupys 10 9acTsM BTOPOil MHTErpasl u yuuTbiBas onpenesnenue ((5.19)
dbyukuun L(zx,y, p), umeem

/{Ly(x,g(x), g () — %Lp(%zj(ﬂc),gl(x))]}(Sy(x)da: =0,

Zo

Voy(z) € C’é [0, x1].

IIpumMeHsisi OCHOBHYIO JIEMMY BapUAIMOHHOTO HCYUCIIEHUsI, MOJIYIHM, 9TO
dyukims §(x) ynosnaersopsier ypasaernio (5.18]). TeopeMam,QOKaBaHa.
O

U3 teopemni [5.4. 1| citeryet, 9o /Tt omrpeiesieHust (pyHKINT, KOTOPast MO-
JKeT SIBJIATLCS PEeIeHHeM 3aJadl Ha YCJIOBHBIN 9KCTPeMyM, HY>KHO PelIuTh
ypasuenue (5.18). dro auddepenimanibuoe ypaBHenue BTOPOro MOPSAIKA,
W ero pelIeHne 3aBUCUT, BOOOINE TOBOPS, OT JBYX MPOU3BOJIBHBIX IOCTO-
SIHHBIX W BCIIOMOTATEJBHOTO MapaMeTrpa A. DTH MOCTOSHHBIE W MTAPAMETP
MOr'YT OBbITH HallIEHBI U3 KPaeBbIX ycaoBuil y(xo) = Yo, y(T1) = Y1, a TaKKe
yenosus Uly(z)] = L.
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5.5. BapmanmonHoe CBOWCTBO COOCTBEHHBIX (DYyHK-
nuii m coOCcTBeHHBIX 3HadYeHuii 3agaum llltypma-
JInyBuiasa

Paccmorpum 3amaay IItypma-Jluysumns. Tpebyercs HaliTH 3HATEHUS
A, IIPU KOTOPBIX KpaeBasl 3a/1a4a

% (kz(x) Zi) —q(x)y=-Xy, 0<z<]|, (5.21)
y(0)=0, y()=0 (5.22)

“MeeT HEHYJIEBOe pellleHre. DTU 3HadeHWs N\, Ha3bIBAIOTCA COOCTBEHHBI-
MU 3HAUYEHUSIMH, & COOTBETCTBYIONIME UM DeeHus Yy, () — cOBCTBEHHBIMU
byarmusavu 3agaan [rypma-JInysumns. CobecrBertbie (DyHKIMN OIIpe/ie-
JIEHBI C TOYHOCTBIO 70 IMMPOU3BOJIHLHOTO ITOCTOSHHOTO COMHOXKHUTENIsI. UTOOBI
YCTPAHUTD 9Ty HEOAHO3ZHATHOCTH, BBEJIEM CJIEIYIONIEE YCIOBHE:

l
/(yn(x))zd:c =1. (5.23)
0

Paccmorpum dyrkmonast

l
Dly(x)] = / (k@) (y' (@) + q() (y(2))?) da. (5.24)
0

TokazkeM, qT0, ecan Y, () — cobersennas dyuknums 3agaau [Irypma-Jlny-
s ((5.21)), , COOTBETCTBYIOIIAsi COOCTBEHHOMY 3HAYEHHIO A, TO

Dlyn ()] = An. (5.25)

HeiicTBUTETHHO, TAK KaK

l l
/ k(o) () (@))% = / k(o) (@), (2)de =
0 0
l

x=l

l
— k(@) (@)ym(@)|"" / ((2)dl (@) yu(€)dz = — / (k@) (2)) g () d,
0

0
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TO

)? + () (yn(2))?) d =

O\N

l
)y ()" — q(@)yn () yn(z :)‘n/ = An.
0

O\N

Paccmorpum 3aaay Murnvusanun GyHKimonana (5.24) Ha MHOXKecTBe
dyukuuii, yrosnersopsomux yeaosusam (5.22)) u (5.23)). Sanumem yciaosue
(5.23)) B BUIE

l
V) =1, Ulya)] = / (y(2))?dz
0

[Tycts MuaIMYM mocTuraercs wa bynkman §(z) € C2[0,1]. Us neobxommmo-
ro YCJIOBUS JIJIF PEIeHUs 3a7a49d Ha YCJIOBHBIA 3KCTPEMYM IOJIYYHM, 9TO
7(x) sIBIISIeTCST PEllleHNeM yPaBHEHMsI

d

Ly=Ly=0, 0<a<l, (5.26)

rie L(z,y,p) = k(z)p? + q(z)y* — M\y?. Hepenumenm ypasrenue ([5.26)), yau-
roiBag Bug dbyaknun Lz, y, p):

2q(2)y(x) — 22y(z) — 2(k(2)y'(2)) =0, 0<z <l

Takum obpazom, dyuknus §(x) saBigercs pernienuem ypasHenus (5.21) u
yaosiersopsier yenosusim (5.22)). Kpome Toro, oHa He paBHa TOK1€CTBEHHO
HYJIIO, TIOCKOJIBKY yjioBIeTBopsieT yciopuio (5.23). Cienobarensro, §(z) sib-
nsiercst cobersennoit Gyukimeit sasaun Mlrypya-Tuysmwus (5.21), (5.22).
O6ozHaunM ee y1 (), A1 — cooTBeTcTBYOIIEE €ii cobcTBeHHOe 3HavYeHue. 113
crenyet, aro Plyy(z)] = M.

Taxum o6pa3oM, MbI IOKa3aJId, YTO pPelleHre 3a/a9i Ha YCJIOBHBI 9KC-
TpEMyM , siBJIsieTcs cobcTBeHHOM dyHKIme# 3ama4un [HITypma-
JInyBuILIst, & COOTBETCTBYIOIIEE COOCTBEHHOE 3HAYEHHUE MIPEJICTABIISET COOOM
BeJIMUMHY (DYHKIINOHATIA Ha 9TOI coOCTBeHHON (hyHKIHN.
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NMpunoxernune A

HesiBHble pyHKLNN U
pbyHKLMNOHAIbHbIE MaTpULbI

A.1. Teopema o0 HesABHBIX DYHKIIUSIX

PaccmoTrpum cucremy 3 m dbyHKIMOHAJIBHBIX YPABHEHNN OTHOCUTEJIHHO

M + 1 apryMenToB (U1, ..., Um, L1, ..., Tpy) € RTT:
Fl(ul,...,um,xl,...,xn) :07
(A1)
Fro(ut,. .. tm,x1,...,2,) =0.

Hac unTepecyer Bompoc 0 pa3penmMoCcTi CUCTEMBI (DYHKITMOHAIBHBIX YPaB-
HEHU OTHOCHUTEJIBHO U7, - . . , Uy, . 1107 pEIIIEeHnEeM CHCTEMBI MOHU-
MaeTCs COBOKYITHOCTh OIPEe/IeHHBIX B HeKOTopoit obimactu D C R™ dymuk-
it

up = @1(T1, vy Tn)y ey Um = P (X1, .o, Ty) (A.2)
TaKWX, 9TO IIPU TOJCTAHOBKE STUX (DYHKIHI B CHCTEMY BCe YpaBHEHUS
9TOM CHCTEMBI OOPAIAIOTCS B TOXKJIECTBA!

Fi(ui (1, . &n)ye ey m(T1, oo Tn), X1, o, Ty) = 0,

V(z1,...,xn) €D, i=1,...,m.

dAxobumanom dbyuxiuit F, ..., F,, 10 IepeMeHHBIM U1, ..., U;, HA3bIBa-
eTcsl CJIeIY IOl (PYHKIIMOHAJIBHBIN OIIPEIe/IUTE b

0F, O0F; OF
ou Oous ~ Ou
OF, O aF,

D(F17 7Fm):det 67 67 a

D(ur,, tim) oS TR
aF m aF m aF m
Our  Ouas  Oum

SABJISTIONIANCS CKAJISPHON (DYHKITHEN apryMeHTOB (ul, ey Uy Ty e ,xn).
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Teopema A.1.1. [Tycmos m Pynryud
Fi(ut, oo ytm, T1yee oy &n)y  ooey Fp(Ur, ooy Um, @1, .o @)
dugppepenuupyemv, 8 HeKomopoti OKPECTMHOCTNU MOYKY
No = No(ul, ..., u, 29, ... 20),

wacmmoie npouseodnvie OF; /Ou; nenpepoierst 6 mowke No, 1,5 = 1,...,m.
Toz0a, ecau 6LINOAHEHDL YCAOBUS

RN =0, i=1m, DB
(Up,. .oy Um)
mo 0as dOCMAMOYHO MAADIT YUCEA E1, . .., Em HATUIEMCA MAKAA OKPECT-
nocmo mowrku Mo(29,...,20), wmo 6 npedeaax amoti oxpecmmocmu cy-
wecmeyrom eduncmeermnvie m Gyrrkyu , Komopwie Ydo8AeMBOPAIOM
yeaosuam |u; — ul] < g, i = 1,...,m U AGAAOMCA PEUEHUEM CUCTEMD

ypasHerull , npuUMEM MO PeuLeHue HenpepueHo u duddeperyupyemo
8 yxasanrol oxkpecmuocmu movwku My.

JlokazaTesneTBO TeopeMbl MOXKHO Halitw B [2], rr. 13, §2.

A.2. BaBucumocTb (pyHKNU U QYHKIMOHAJIbHbIE MaT-
pUIIbI

Paccvorpum m dysKImMit OT N TEpEMEHHBIX

ur = @1(T1,...,2n),
(A.3)

Um = Pm(T1, .-, Tp).

Ipeanonaraercsa, aro GyHKImu ©; (L1, ..., Ty), 4 = 1,...,m, oupeeaeHn u
muddepeHImpyeMbl B HEKOTOPOil OTKPBITOi n-MepHoi obnactu D. Hamowm-
HUM onpeesenue 3apucumoctu byukuuii. [lycrs k € {1,...,m} — bukcu-
POBaHHBII UHJIEKC.

Onpegenenne A.2.1. Qynxuyus uy 3asucum 6 obaacmu D om ocmann-
HOLT Pynryul us , ecau cpasy das ecex mouek T = (Z1,...,2n) € D

ug(Z) = ®(ur (), . .., up—1(T), up41(T), . . ., um (T)), (A.4)
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2de ® — nexomopas pynryus, onpedesennas u duddepenHyupyeman 6 coom-
sememeytoweti 06AacmU USMEHEHUA CEOUT apaymenmos. Pynruuy

ULy oy Um

HA3BIBAIOMCA 3ABUCUMBIMYU 6 00aacmu D, ecau odna u3 smuzr Pynryul
sasucum 6 obaacmu D om ocmanvroir.

Ecnu ne cymectsyer nuddepennupyemoit byukiuu ¢ takoit, uTo cpazy
JJIst BceX TO4eK objiactu D CIpaBejInBO TOXKJIECTBO BUIA xoTst OBl
s omuoro k € {1,...,m}, To GyHKIMK U1, . . ., Uy, HASBIBAIOTCI HE3A6U-
cumvimu 68 obaacmu D.

Teopema A.2.1. [Tycmos m Pynkyut omn = m nepemennvr 6uda
onpedeaervl, U QuPdeperyupyemvt 6 OKPECMHOCTIU MOYKU

MO = Mo(ﬂj‘?, ce ,122)

Toz0a, ecau axobuar u3 aIMUT GYHKUUT MO KAKUM-AUOO T NEPEMEHHBIM
omauyen om myaa 6 mouke Mgy, mo amu GyHKUUU HEZABUCUMDL 8 HEKOMO-
poti oxpecmmuocmu mowku My.

[Tycts Tenepsb @;(1,...,2Tn), ¢ = 1,...,m onpegesennt u quddeperiu-
pyembl B HeKoTopoii okpectaocTu Touku Mo(zY,. .., 20), npuiem Bee wact-
HBIE [IPOU3BOIHBIE [IEPBOIO MOPSIAKA OT 3TUX (PYHKIU HEIIPEPBIBHBL B CAMOIi
touke My. CocraBUM U3 YaCTHBIX [IPOU3BOIHBIX (DYHKIIMIA byHKITIO-
HAJILHYIO MATPUILY

91 0o 91
Ox1 Oxs Oz,
Op2  Opa 92
Ox1 Oxa Oz, ) (A.5)
0Pm  Ovm OPm
Ox1 Oxs = Oz,

COJIEPIKAIILYIO 1M CTPOK U 73 CTOJIOIOB.

Teopema A.2.2. [Tycmo y PyHKUUOHAALHOT MAMPULDL

1) mexomopwuii MUHOP T-20 NOPAOKA OMAUNEH OM HYAL 8 MOYKE

Mo(l’(l), .. .,II?%),‘

2) ece munopui (1 + 1)-20 nopadka pagrv, Hya10 6 HeKOMOPOT, 0KPECTHO-
cmu mowku My (ecau r = min(m,n), mo smo mpebosanue caedyem
onycmums).
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Tozda r Pynryutl, npPedcmasAeHHHT 8 YKAZAHHOM MUHOPE T-20 NOPAJIKG,
nezasucumvt 6 okpecmmocmu mowku My, a xascoas us 0CmMasbHuT GYHK-
yuti 3a6ucum 6 amoti OKPeCMHOCU OM YKASAHHLIT T PYHKUUT.

JlokazaTeabcTBo 9THX TeopeM MoxkHO Haiitu B [2], . 13, §3.



114

JInTepaTtypa

Lmumpues B.H. Jlexkmuu 1mo OObIKHOBEHHBIM 1 hepeHITna bHbIM
ypasuerusm. M.: Usn-so KV, 2007.

Uavun B.A., Cadosnunuii B.A., Cendos Ba.X. Maremaruueckuii
anaans. Yacre 1. M.: U3a-Bo MI'Y, 1985.

Ilemposcxuti U.I. Jlekuiuu 110 Teopuu OOBIKHOBEHHBIX M dHepeHIin-
asnbubix ypasuenuit. M.: YPCC, 2003.

Horwmpaseun JI.C. ObbikHOBeHHBIE M dEpPEHIUAIbHbIE YPaBHEHUSI.
M.: Hayka, 1983.

Tuxonose A.H., Bacuavesa A.B., Ceewnuros A.I. [Tudpdepennmainb-
oele ypaBHeHusa. M.: Hayka, 1985.

Quaunnos A.D. Beenenue B Teopuio 0OLIKHOBEHHBIX AuddepeHiu-
anpubIX ypasuennit. M.: YPCC, 2004.

Quaunnos A.D. CoopuuK 33729 110 JuddepeHIMATHLHBIM yPaBHEHN-
am. Mxesck: Uzn-so PXI, 2000.

Aavceoavy J1.9. Huddepennuaibable ypaBHEHUS U BapUAIMOHHOE
ncuncaenune. M.: YPCC, 2002.



	Зависимость решения задачи Коши от исходных данных и параметров
	Непрерывная зависимость решения задачи Коши от исходных данных
	Непрерывная зависимость от исходных данных
	Теорема сравнения

	Зависимость решения задачи Коши от параметра
	Непрерывная зависимость решения задачи Коши от параметра
	Дифференцируемость решения задачи Коши по параметру
	Метод малого параметра


	Теория устойчивости
	Основные понятия
	Основные понятия теории устойчивости
	Редукция к задаче устойчивости нулевого решения

	Устойчивость нулевого решения линейной системы с постоянными коэффициентами
	Вспомогательные утверждения
	Теорема об асимптотической устойчивости нулевого решения линейной системы с постоянными коэффициентами
	Теорема об устойчивости нулевого решения линейной системы с постоянными коэффициентами
	Теорема о неустойчивости нулевого решения линейной системы с постоянными коэффициентами

	Исследование на устойчивость по первому приближению (первый метод Ляпунова)
	Исследование на устойчивость с помощью функций Ляпунова (второй метод Ляпунова)
	Положительно определенные функции
	Функция Ляпунова
	Теорема об устойчивости
	Теорема об асимптотической устойчивости
	Теорема Четаева о неустойчивости
	Устойчивость точек покоя

	Классификация точек покоя
	Классификация точек покоя линейной системы
	Узел (1,2 R, 1=2 , 12 >0)
	Дикритический узел  (1=2=0, dimker(A-1E)=2)
	Вырожденный узел  (1=2=0, dimker(A-1E)=1)
	Седло (1,2 R, 2<0<1 )
	Фокус (1,2=iC, =0, =0)
	Центр (1,2= iC, =0)
	Случай вырожденной матрицы A (detA =0)
	Классификация точек покоя нелинейной системы


	Краевые задачи для дифференциального уравнения второго порядка
	Постановка краевых задач 
	Преобразование уравнения
	Редукция к однородным краевым условиям
	Тождество Лагранжа и его следствие
	Формула Грина и ее следствие

	Функция Грина. Существование решения краевой задачи
	Функция Грина
	Существование и единственность функции Грина
	Нахождение решения неоднородной краевой задачи с помощью функции Грина
	О применении функции Грина в нелинейныхдифференциальных уравнениях

	 Задача Штурма-Лиувилля 
	Теорема Стеклова


	Уравнения в частных производных первого порядка
	Первые интегралы нормальной системы
	Определение первого интеграла
	Производная первого интеграла в силу системы
	Геометрический смысл первого интеграла
	Независимые первые интегралы

	Уравнения в частных производных первого порядка
	Классификация дифференциальных уравнений в частных производных первого порядка
	Линейные однородные дифференциальные уравнения в частных производных первого порядка
	Квазилинейные уравнения в частных производныхпервого порядка
	Геометрический смысл квазилинейного уравненияв частных производных
	Задача Коши для квазилинейного уравнения в частных производных


	Основы вариационного исчисления
	Основные понятия вариационного исчисления 
	Вариация функционала
	Экстремум функционала
	Основная лемма вариационного исчисления

	Уравнение Эйлера 
	Необходимые условия экстремума для некоторых функционалов
	Функционал, зависящий от производных порядка выше первого
	Функционал, зависящий от функции двух переменных

	Вариационная задача на условный экстремум 
	Вариационное свойство собственных функций и собственных значений задачи Штурма-Лиувилля

	Неявные функции и функциональные матрицы
	Теорема о неявных функциях
	Зависимость функций и функциональные матрицы

	Литература

